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Nucleus N State Binding energy in MeV 
experimental | calculated

Ca39 2 0 - 1 1 d 3/2 15.63 16.9

Ca41 20 +  1 1 f 7/2 8.36 10.5

Ca47 2 8 - 1 1 f 7/2 10.07 11.1

Ca49
Ti51
Cr53
Fe55

28 +  1 2 p 3/2

5.00
6.36
7.94
9.30

5.8 
7.2 
8.6
9.9

Kr85
Sr87
Mo91

5 0 - 1 1 g 9 /2
9.76

11.12
13.13

11.4
12.4
14.5

Sr89
Zr91
Mo93.

50 +  1 2 d 5/2
6.77
7.21
7.85

6.1
6.9
7.8

Ba139
Ce141
Nd143
Sm145

82 +  1 2 f 7/2

4.72
5.53
5.46
6.82

4.3 
4.8
5.4 
6.0

Pb207
Po209
Rn211

1 2 6 -1 3 p 1/2
7.38
7.69
7.96

8.0
8.4
8.8

Pb209
Po211 126 +  1 2 g 9/2 3.93

4.55
3.6
4.0

Nucleus Z State Binding en 
experimental

;rgy in MeV 
calculated

K39 2 0 - 1 1 d 3/2 8.34 9.9

Sc41
Sc43
Sc45
Sc47
Sc49

20 +  1 1 f 7/2

1.08
4.93
6.89
8.49
9.47

3.5
5.5 
7.3 
9.1

10.8

Cu59
Cu01
Cu83
Cu85
Cu67

28 +  1 2 p 3/2

3.42
4.81
6.13
7.45
8.52

3.2
4.5
5.7
6.9
8.1

Sb121 50 +  1 2 d 5/2 5.78 4.5

,J 'J 2 0 3

^ 1 2 0 5

'J 'J 2 0 7

T 1 2 0 9

8 2 - 1 3 s 1/2

6.60
7.29
8.04
8.33

8.3
8.8
9.2
9.7

Bi207
Bi209
Bi211

82 +  1 1 h 9/2
3.55
3.77
4.38

2.8
3.3
3.9

Table 2. Ground states of some nuclei with a closed proton 
shell plus or minus 1 proton 10.

Table 1. Ground states of some nuclei with a closed neutron 
shell plus or minus 1 neutron 10.

well compatible with scattering data. Further de
tails about this investigation will be published else
where.

7 U .  A m a ld i ,  G. C a m p o s  V e n u t i ,  G. C o r t e l l e s s a ,  C .  F r o n t e -  
r o t t a ,  E. R e a l e ,  P. S a l v a d o r i ,  and P. H i l l m a n ,  Phys. Rev. 
Letters 8, 171 [1964], and private communication by Dr.
G. C o r t e l l e s s a  on experiments with Ca40.

8 D. M. B r i n k  and N. S h e r m a n ,  Phys. Rev. Letters 14, 393 
[1965].

We thank Dr. F. G. P e r e y  for discussion, the Deutsches 
Rechenzentrum for performing calculations on the IBM 7090 
and the Deutsche Forschungsgemeinschaft for sponsoring the 
computations. One of us (H. M.) acknowledges a scholarship 
of the Stiftung Volkswagenwerk.

9 H. M e l d n e r  and G. S ü s s m a n n ,  Z. Naturforschg. 20 a, 1219 
[1965].

10 The experimental data on the binding energies are taken 
from L. A. K ö n i g ,  J. H. E. M a t t a u c h ,  and A. H. W a p s t r a ,  
Nucl. Phys. 31, 18 [1962].

On the Relation between Experim entally  
Observed Single Particle Energies and Levels 

of the Extreme Single Particle Model

H. M e l d n e r  and G. S ü s s m a n n

Institut für Theoretische Physik der Universität Frankfurt/M, 
Germany

(Z. Naturforschg. 20 a, 1219— 1221 [1965]; received 6 August 1965)

Comparison of experimental levels with the dis
tances between eigenvalues in realistic single par
ticle potentials shows the latter to be usually some
what larger. Especially in nonlocal potentials 1 the 
spacings are wider by a factor of about 1.5. As a

matter of fact, one was forced in the last few years 
by other experimental evidence2> 3 to increase the 
potential depths while the radius constants were 
decreased from about 1.4 to 1.2 fm.

The purpose of this note is to sketch some pos
sible reasons with which deviations of order 1 MeV

1 H .  M e l d n e r ,  G. S ü s s m a n n ,  and W . U l r i c i ,  Z. Naturforschg. 
20 a, 1217 [1965].

2 F .  P e r e y  and B . B u c k ,  Nucl. Phys. 32, 353 [1962]. — U .  
A m a l d i ,  G. C a m p o s  V e n u t i ,  G. C o r t e l l e s s a ,  C .  F r o n t e r o t t a ,  
A .  R e a l e ,  P .  S a l v a d o r i ,  and P .  H i l l m a n ,  Phys. Rev. Letters 
8, 171 [1964]. — In addition see the results of various 
(p,2p) experiments.

3 For radius constants see the results of scattering experi
ments by H o f s t a d t e r  et al.
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a n d  c o m p r e s s io n s  o f  o b se r v e d  le v e ls  m a y  b e  e x 

p la in e d  w ith o u t  u s in g  th e  a s s u m p tio n  o f  a n  a n o m a 

lo u s  e f fe c t iv e  m a ss  n e a r  th e  F er m i le v e l ,  a s w a s  p r o 

p o s e d  in  4.

A well known compression of levels near the 
F e r m i energy results, if one introduces attractive 
residual two-body interactions of short range with 
the pairing model. There the F er m i surface is 
smoothed by an amount A. The energies q  ̂ of 
quasiparticle excitations in an odd system are ap
proximately given by

I qk\ =  \ / ( e k - h ) 2 +  A 2 - A

where X is the chemical potential or effective F er m i 

energy (see e. g. 5, p. 106). This yields the follow
ing ratio of extreme single particle to observed 
spacings

= 1 +
2_A 

I Qk |

V* 1 + 2  UkVk  
1 - 2  Uk Vk

•/»
(1)

From (1) it can be seen that the increase of that 
ratio in the vicinity of the chemical potential ( F e r m i 

level) may be understood as a consequence of pair
ing interactions, as shown in Fig. 1.

- 5 a -3t Ja 5 i

Fig. 1. Ratio of extreme single particle to observed spacings 
near the F e rm i energy.

Fig. 1 in the present paper is related to Fig. 1 of 4 
and a similar comparison with the observed levels 
as was carried out in 4 supports in the F er m i energy 
region also nonlocal potentials of a nonlocality (re
lative effective mass around 0.7) which is rather 
well established for |e  — A[>A ( I .e .2). Even at 
energies energies 5 A away from the F er m i surface

4 G . E. B ro w n , J. H. G u n n , and P. G o u ld ,  Nucl. Phys. 46, 598 
[1963].

5 G . E. B ro w n , Unified Theory of Nuclear Models, North Hol
land Publishing Co., Amsterdam 1964.

6 S. G . N i ls s o n  and 0 . P r i o r ,  Kgl. Danske Videnskab. Selskab, 
Mat. Fys. Medd. 32 ,16  [1961].

the depression is still about 20 percent. A more 
quantitative example is shown in Fig. 2, where the 
lead 209 levels of a nonlocal calculation 1 are ap
proximately corrected for two-body residual inter
actions due to (1). Contrary to the ratio, the ab
solute shifts of the levels are not strongly dependent 
upon the choice of the chemical potential. Thus, for 
simplicity, it was taken to be equal to the energy 
of the g 9 /2  level. A F er m i surface parameter A 
between 0.6 and 0.9 gives satisfactory agreement 
with experiments. Comparison with even-odd mass 
differences Pn(N,Z)  from which according to N il s 

son  and P rio r  6 the best available information on 
the A parameters is expected, leads to values be
tween 0.5 and 1.2 MeV in the Pb209 region. Theory 
also predicts non-zero matrix elements in the region 
of closed shells, since the FBCS method 7 gives even 
for a weak residual force strength an appreciable 
configurational admixture 8.

d 5/ 2  1.56 

y,s/?

g 9 / 2

3d 5/2 
1/15/2

■ 2 g 9 / 2

Fig. 2. a) Levels in Pb209 observed in Pb208(d,p) 9. The num
bers are the corresponding energies in MeV. b) Single par
ticle levels corrected with (1) and A = 0 .6  MeV (upper), 
A =  0.9 MeV (lower levels), c) Extreme single particle levels1.

Another reason for deviations may be the in
fluence of some rearrangement. Using the notation 
of B r o w n  5 and abbreviating

Ti = (i \ T \ i ), Vji = ( j i \ V \ j i )  -  { j i \ V \ i j ) 9
one has for energy differences measured in strip
ping reactions:

A - l  A - 1 A - 1 A - i

e A’ - e a =  2  T i  +  I 2  V'n -  2  t , - i  z  vn
i=  1 j,i= 1 i=  1 j,i= 1

+ r A-+ x V u -Ta-  ZVu 
i =  1 1=1

<  s.a ' -  eA .

7 H. J. M a n g ,  J. K. P o g g e n b u r g ,  and J. O. R a s m u s s e n ,  Nucl. 
Phys. 64, 353 [1965].

8 We thank Dr. K. D i e t r i c h  for enlightening remarks on this 
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9 P. M u k k e r j e e  and B. L. C o h e n ,  Phys. Rev. 127, 1284 [1962].
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The primes meaning that such matrix elements are 
calculated with single particle functions of the re
arranged selfconsistent potential where one particle 
is in the state A' =t= A.  This is expected to lower 
the quasiparticle energies compared to the eigen
value differences for a constant potential. That cor
rection of order A ~1 will probably go in the same 
direction in each matrix element and therefore the 
summation may lead to an appreciable effect. Cal- 
calculations of r2 from 2, \ ip j2 while putting the last 
particle in a level that was not occupied in the 
ground state, gave mean square radii which some
times were increased by about one percent. Hence 
one should consider the influence of very slight fluc
tuations of the nuclear density, especially near 
closed shells. This may be justified to some extent 
also in analogy to the periodic system of elements 
where large fluctuations of the atomic radii occur 
at closed shells. In Fig. 3 some lead isotopes are 
considered for a quantitative example. Since the 
eigenvalues are very sensitive to variations of r0 
while the other parameters are kept fixed, a one 
half percent deviation of the selfconsistent radius 
from the R =  r0 Ä !% line gives a remarkable (1 MeV) 
effect. An assumed density dependence near the 
neutron number 126 as given in the upper curve in 
Fig. 3 leads to a smoothed dependence of the last 
filled level on the particle numbers as is shown in 
the lower part of that figure. Here a constant poten
tial depth U was assumed, since a reasonable SU 
for a simultaneous r0 variation gives only a smaller 
correction. After all, the rearrangement is expected 
to be of order 1 MeV. Hence it would be question-
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Die Beugung langsamer Elektronen wurde durch 
die schon von E h r e n b e r g  1 benutzte und von G er m er  
und M itarbeitern2 vervollkommnete Leuchtschirm-

n e u lro n  n u m b e r

121 123 125 127 129 131

Fig. 3. Last filled levels in Pb isotopes.

able to draw quantitative conclusions on potential 
depths or nonlocalities from a comparison with 
single particle excitation energies which are about
1 to 3 MeV.

In conclusion, one should keep in mind that only 
rather sophisticated investigations of residual effects 
can enable a satisfactory quantitative comparison of 
the experimental levels near the F er m i surface with 
single particle energy differences. Such investiga
tions, however, are reasonably done with eigenfunc
tions of nonlocal single particle potentials that give 
account of the data also at energies further removed 
from the F e r m i level.
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Beobachtung zu einer vielfach verwendeten Methode 
bei der Untersuchung von Oberflächen. Silicium und 
Germanium haben dabei Oberflächenstrukturen ge
zeigt, die aus ihrem Raumgitter nicht unmittelbar zu 
verstehen sind 3> 4. Metalle dagegen liefern Beugungs
bilder, die ihren Raumgittern entsprechen 5. Adsorp
tion von Gasen auf reinen Oberflächen führt zu Beu-
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