A Test of the Linear Response Theory for Irreversible Processes

0. Seeberg

Institut fir Theoretische Physik der Universitdt Frankfurt (Main)

Z. Naturforsch. 33a, 110—120 (1978); received August 10, 1977

The temporal development of macroobservables is described within a correlation-function-
formalism. The results are exact for a certain class of initial ensembles. The same problem is
discussed with the help of the linear-response-formalism. The results agree under certain con-
ditions which should be fulfilled for macroobservables.

Introduction

Van Kampen [1] has raised objections against
the linear-response-theory in its applications to
external disturbances. There is nothing to say
against his arguments if we expect the linear-
response-theory to be true for all initial ensembles
and for all observables. In fact, the ordinary linear-
response-theory always starts from the canonical
equilibrium ensemble, though all observables are
allowed. This question seems to be interesting with
regard to the discussion whether quantum me-
chanics at all can be a suitable and complete basis
for the description of macroscopic systems or not
[2]. First one can argue that some additional
principles must be introduced in order to describe
macroscopic systems. Secondly it is possible that
there is a new theory which contains quantum
mechanics as a limiting case for very small systems,
macrophysics on the other hand for very large
systems. In this paper we describe another group of
phenomena, the irreversible processes without
external forces. It has been shown [3] that linear-
response considerations equally well apply to these
phenomena. On the other hand we can treat these
phenomena in a completely other way without any
use of linearization of the equations of motion.
Moreover, this treatment can be done without any
approximations, except for the choice of certain
classes of initial ensembles: The initial ensembles
must be purely macroscopic [4], [5]. Therefore it is
possible to compare the results and thereby to give
some criticism to the linear-response results. It
turns out that the linear-response-formalism (l.r.f.)
should be valid for macroobservables only. This
result cannot be seen from a direct analysis of the
Lr.f. It would be interesting to extend these con-
siderations to the case of external disturbances [6].
This is not the aim of this paper.
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In Sect. I we consider the case that the systems
are completely isolated. In Sect. IT we discuss the
same phenomena for systems in contact with a
heatbath. We remark that all interactions with the
heatbath during the development of the macro-
observables are disregarded, as well as in the l.r.f.
with external forces. Why then do we start with
the canonical ensemble ? There is no physical reason
for it.

Furthermore we give some remarks concerning
the term

F(Wea(d; A;(8) + A;(t) 4q)> -

The time-correlation is precisely defined as the
mean value of results of experiments on single
systems. It turns out that this meaning cannot be
given generally to the expression given above. But
this is possible for a similar expression

CWea Ag(t) 4s)

where Wea—=(C ¢~8H, H the macroscopic energy (to
be defined below), A4;, A; macroobservables. Thus
again a fully physical interpretation of the l.r.f.
seems to be possible only for macroobservables,
provided that both expressions agree very well.
In order to check this assumption we must make
some stability considerations, but this again is not
the purpose of this paper.

In Sect. IIT we solve the problem with the help of
Lr.f. techniques. In Sect. IV the results are com-
pared and discussed. All mathematical details are
discussed in the appendices.

1. Irreversible Processes in Closed Systems

We consider an ensemble (% of systems S with
the number of particles N and volume V, described
by a statistical operator W of the following form

W=P,WP,,. (1.1)

P,,, is the projection-operator on to tg,, tp, is the
subspace in §, which is spanned by the eigen-
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vectors ¢, of the Hamiltonian H with eigenvalues
ey €[E1—AE, E1[=Jg, . Let I be the set of the
macroobservables A;. Without regarding the
difficulties involved in the definition of the macro-
observables we only demand the following prop-
erties [7], [8]

a) [4i,4;]=0
b) 4;= Z P, A P
%

for all ¢, j,

for all 7. (1.2)

TEk

The property b) means: all macroobservables
commute with the macroscopic energy H, H being
defined by

A=3 P, (Ex—}A4E).
k

This is one possibility of defining H. Let vy, be of
finite dimension: dimrgz =d;. In the following
section we shall write tyz =1, di=d, for brevity.
Now all linear operators on $ form a Hilbert-
space @, with the inner product (4; B)=Sp(4+B);
[9].

The equation of motion for the statistical opera-
tor W now reads

W—=iLW; LB=BH—HB. (1.3)

Now let B be the set of the statistical operators
in Q. We define a mapping G as follows [4].

G: 8-,
GW=Dexp{—Zl,-Ai}, (1.4)
with
a) Sp((GW)A;)=Sp(W4y),
b) Sp(GW) =SpW=1. (1.5)

Conditions (1.5) determine 4; and D (appendix A).
The physical meaning of the mapping G is the
following: GW is obtained from W by a variational
principle:

OSp(Wlog W)=0 with

Sp(WA4;) = (A4;) = const.
Looking to Sp (W log W) as to some kind of entropy,
this variational principle corresponds in a certain

sense to the second law. Now we are free to shift
the scales in such a manner that
1
(Apea= q Sp(P.4:) =0.

Then we get
Af1=0, Dea=1/d.

Note that the shift does not change the value of 4;.
Therefore we are led to the linearization of the
operator G, if we consider only statistical operators
close to equilibrium with respect to the macro-
observables A4;. This is a crucial point. We get
from Eq. (1.4)

GW ~ Weq—l—ZDili Pt——Dqu).iAi.

Thus we can define a new mapping by

G W= Weq—f—ZDilipt—DeQZ}.iAi (1.6)

where D;, ; again are to be determined by the
conditions

Sp(GL(W) 4;) = Sp(WAy) =<4,

Sp(GLW) =1. (1.7)
From Eq. (1.7) we get with
A;=P,A;, Wea= DeaP,

and {(4;>¢1 =0
SpC DiAP)=0 = D;=0.

Thus we get
G, W = Wea— Dqu).iAi i
Furthermore we have
G Wea= Wea — Deay jead; =
(Apyet = (Appea — > MeacA dppes =
z <A1Aj>eq ¢l =0.
Now (A;A;>ed is a regular matrix (appendix B),

thus 4,64=0 and G Wea= Wed. Furthermore we
have from Eq. (1.7)

Sp(WAy) = — > 4;Sp(Wead; 4;).
Defining y;; by
> vis Sp(Wead; Ay) = .,

we get

dj=— > Sp(WA:) ps, or
G W = Wea 4 Wea's Sp(Wdy) yy 4. (18)

Until now G, is only defined on the set ¥ of the
statistical operators. But we can define a new

operator G on the Hilbert-space @ by

GA = Wea> Sp(A4;) yis 4; . (1.9)
%]
Thus we get
G,W—=Wea GW, GWea=0. (1.10)
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Now it can be shown that G is the projection-
operator on to the subspace I of the macro-
observables spanned by the 4; (Appendix C). Then,
under the crucial assumption [5], that

G (W(0) — Wea) = W(0) — Wea (1.11)
we get
(A (t) = Sp(4i(W(t) — Wea))
= (4i; €H(W(0) — Wea)) (1.12)

— (G e~ LG Ay; W(0) — Wea),

where we have used that éAi =4;. Equation (1.11)
can be written in the following form

(A (t) Z C4i(t) Ay ysx {Ar>(0),

with A;(t)=e " A4;. This is a well-known result
which e.g. can be found in [4]. Note, that this
result is only valid under the assumption (1.11)!
What does this condition mean ?

(1.13)

(:;(W(O) — Weq) — GW(0) = W(0) — Wea,
GW(0) =G, W(0) — Wea =
G, W (0) = W(0). (1.14)

This condition means that only a very restricted
class of initial ensembles is allowed. It follows from
general reasons that some restricting conditions
must be fulfilled. If there are no such conditions,
the macroscopic equations never could be irre-
versible. A more detailed discussion can be found
in [5]. Now it is possible to show [10], that

(Aq(t) Ajyea

is exactly the time-correlation-function for 4;, 4;
which is given experimentally by the following
procedure. Take S € €4, measure 4;, wait a time ¢,
measure 4; (again on S.), and take the mean value
of the product of the values over all S e (ed.

Note that this result is true for all observables,
if ®ed is the microcanonical equilibrium-ensemble.

With regard to the aim of this paper we have to
clarify the connection between this correlation-
function and the corresponding canonical one.

2. Irreversible Processes in Systems
within a Heatbhath

Let us repeat the considerations of Sect. I for
systems which are composed of two systems, the
first being a heatbath the second one the system §
under consideration. £ has to be replaced by

Dy X 9He, Hby Hix1+1X Ho+ Hys, A; by
1 X A;. His cannot be zero, otherwise there is no
reason for development of an equilibrium-ensemble
described by

1
Wea =~ P, .
o

r again is spanned by the eigenvectors of H with
eigenvalues

yee[B — AE, B[ =

Now let us assume that

H12:P2H12Pr+(1_Pr)HIZ(l“'Pt)' (21)

Equation (2.1) is a necessary and sufficient condition
to be fulfilled, if we demand that t can be spanned
by the eigenvectors (y,q,) of

Hoy=H; X1+ 1xH;,

which are in r. Without this condition the usual
derivation of the canonical ensemble already
becomes complicated. Let us consider the statistical
operator GW defined in Egs. (1.4) and (1.5). Now

we take the “Verkiirzung” of GW [11] on to )
defined by
(GW)2 = Z<xu wo| GW | yu ) , (2.2)
where (y4), (wo) are c.0.s. in 1y, H(2) respectively.
Now let us choose (yu)= (wu), (wo) = (go). Then
we get
(GW)? = D<{po| exp{— > 4 Ai} | s> Dgv, (2.3)

D,y is the dimension of the subspace 1o, C )
which is spanned by the eigenvectors of H; with
eigenvalues

nell —AE — Koy — g0, E — Koy — o[ N
[E—AE — Koy — &y, E — Koy — &,

where Koy = (yy po| Hiz | yy @0

Now the heatbath B is much larger than the
subsystem S, therefore we choose AE to be much
larger than the corresponding scale-length Ae for S.
Now let us remember that [Hs, 4;]=0. Therefore
{po|exp{— Z AiAi}| @y> vanishes, if @o, @y belong
to different subspaces tg,, ry,. Let us therefore
consider pairs of vectors inside one fixed rz,. Now
it seems to be reasonable to assume that D,, does
not change very much, if ¢,, ¢» run in vg,. Thus
we formulate the following assumption:
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In the following calculations it is allowed
to replace Doy by Dg,g,, Doo, Dyy respec- (2.4)
tively. 2

Furthermore the results do not change if we
neglect K,, (note that K,, has the same order of
magnitude as the interaction). 3

Now we use the familiar derivation of the
canonical statistical operator (see e.g. [12], [13]).
We get under certain assumptions which are not
to be discussed in this paper

-DVV.%e_ﬂGVC(Na N17 E7 ﬂ)3 (25) 4

where N is the total number of particles, N; the
number of particles in S and g =1/k7T.

Thus we get two different expressions for GW(2)
from Equation (2.2). We choose the energy eigen-
vectors (yy) as c.o.s. in (1), the eigenvectors (D)
of the macroobservables as c.o.s. in (). Then we
get with the help of assumption (2.4)

(GW)P= D (D,| exp{— > 4 Ai} | P> Dy, 5

for @,, @, € v, , ¢ running, or
GW(2)gDexp{—ﬂH—ZliAi}. (2.6)

On the other hand again choosing (y,) as c.o.s. in
$ @) but now the eigenvectors (¢,) of Hz as c.o.s. in
D@ we get

D
(CW)E) = < (Dop + D)
Lol exp{—2 2 di} | ),

or

CWo =2 (e exp[— S A}, @)
— 2 ’ ? . :

The anticommutator is used in Eq. (2.7) to make -
GW® selfadjoint. Note that it is not permissible
to write

GW® ~ Dexp{— f H> —ZZiAi},

because [Hsa, 4;] 0. Let us discuss both possibil-
ities. The procedure is quite similar to that given
in section I, therefore the discussion can be made
brief. In order to avoid too many subscripts, we
always shall use the same symbols, if no confusion
is possible. We list the different steps. We begin
with possibility (2.6).

1. Define G in H ) by
GW =Dexp{—fHs— A4},
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where D, A; are to be determined from the con-
ditions (1.5).

. Shift the scales of the macroobservables so, that

with Wea = Dea ¢=#H2 we get Sp(WWead;)=0.
It follows that ;64 = 0.

. Linearize:

W (Dea + 3 74 Dy)
-e~PH: _ Pea e‘f’ﬁzz i A,
H,2 H.
Define
G W = — Deaesly ); 4,

+ DeaeBi 5 3, DiepH,  (2.8)
with the conditions (1.5). With 2. it follows that
D;=0. Furthermore it follows that

G W = Wea 4 Wea Sp(WA;) yis 4j,
where > yi; Sp(Wea A5 Ag) = ik

G, G, are only defined on the convex set of the
statistical operators, therefore we define
GA = Wea> Sp(A4;) yy 4;
)
as a linear operator in the Hilbert-space @. Then
we get

G, W = Wea + GW.

. It is easily seen that 6262, this follows from

the fact that Sp((G~A)A,-)=Sp (AA4;). But G is
not selfadjoint. We have

G® B =" v Sp (A WeaB) 4;

(Appendix C). Therefore G is not a projection-
operator in contradiction to our former results.

. Demand.:

G (W(0) — Wea) = W(0) — Wea, (2.8)
or G, W(0) = W(0).
CAk) (t) = Sp(Ag et W(
= (Ag; e W(0))
= (Ag; &+ (W (0) — Wea))
(Ak ¢ G (W (0) — Wea))
= (G e~ il 41 W (0) — Wea),
or after inserting
CAry (t) = 2 yji Sp(Wead; et Ax)(A:)(0)
= ZV}@ Sp(Wead; Ax(t)) <A (0).
(2.9)

0))
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Note that Ay(t)=e "L'4;. That means, the
system S is not disturbed by the heatbath, H;s has
been neglected. But why then do we make use of
the canonical ensemble ? A similar question occurs
in the Lr.f.

Another remark: The definition of G in step 1
remains unchanged, if we replace the operators 4;

by B;=A4:+y:1. Hence Leqzo for every shift.
On the other hand it should be noted that

GWea = Wea, Wea = (e FHz,
Now let us linearize with respect to GWea.

Almost all considerations remain unchanged.
Replace only Weda by GWed in the definition of

Gy, vij, é, G . Shift the scales to get
Sp(Weady)=0.

Demand:
G (W (0) — Wea) = W (0) — Wed, or
W (0) = Wea - GW (0).

Then the result is
<Ak (8) =2 yu Sp(GL(Wea) Ay Ax(t)) <4 (0).

Now these initial conditions look very strange. The
corresponding condition (2.8,7) is much clearer
and therefore we choose this possibility.

Now we turn to possibility (2.7).

1. Define G in H ) by
D
CF = {e~PH, exp[— > A1 Ai]}

with the conditions (1.5). Thus GWea= Wea,
2. Shift so that Sp(Wea4;) = 0.

3. Linearize
GW = (D + 3 Ju Dy) -1t
— 3D {eFH, Z A4}
4. Define G W corresponding to 3.
GoW = (D + 3 2 Dy) ot
—3D{efH, 3 A As}.
With the conditions (1.5) it follows that
Di=0, Ji=—2yyldp,
where
> iy Sp(Wea d; Ag) = du

where we have used the cyclic invariance of the
trace.

(2.10)
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5. Define
GA =1 yiSp(AAr) {Wea, 45} .
Then we get

G® B =13 yu Sp({Wea, Ax} B) 4;.

6. Demand G (W (0) — Wea) = W (0) — Wea =
G.W (0) = W(0).

7. As above we get

{Ary (t) (2.11)

=12 7uSp ({4, Ae()} W2)(4:)(0).
Now, if the equations of motion for (A4;) are

stable with respect to small disturbances of the
initial ensemble, we can expect that the solutions
(2.9) and (2.11) agree approximately. Note that
this stability could conversely serve for defining

macroobservables [14].
Let us discuss the meaning of the term

Sp(Wea A; Ax(t)) .

Let us determine the mean value 4; A4 (f) defined
by the procedure of Section I. Let (% be an ensemble
of systems S described by the statistical operator W.
To each system S a real number y[S] is assigned in
the following way : Measure on S the observable 4y
with result «[S]. Wait a time ¢ and then measure
again on S the observable A; with result B[S].
Then put y[S]=a«[S] f[S]. Take the mean value
over all S. The result is y[S]=A; Ax(t). Let us
calculate this number. Let be

G, = {S|8€eBG ra[S] =} .
B, is described by the statistical operator

1
=

Ay *

We= 2

Ay

Now the probability for finding a value f, after a
time ¢t within &,, is equal to

P,
P[Bulow] = SP<Ut*T UtPﬁu> A
%,

where U;=e¢'H2!. Therefore the probability for

finding a pair (o, f) within ® is
Ploy, fu] = Plo] P[ﬁulav] .
But now we have P[a,] = Sp(WP,,).
Therefore we get

Ay A () (2.12)

E,
=2 % fuSp(WP,) SP(Ut* 3 UtPﬂu) :
&

v
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Let us choose W = Wed. Then we get

Ay AR (0)
P,
=2 2 (Dx| W|Dy)Sp Ut*“d”’UtAk oy
v DyETy oy

)

=3 S Cexp{— ﬂE:}sP(

v DxETy

=5 3 Sexp{—fE)

= drx, Dy ETy DAETy

Dy | U A U* | D).

If there is no degeneracy of the macroobservables,
we may conclude

AlAk C’Ze‘“‘“(@vl UtAkUt*[¢p>av

=>(Dy| Wea U, A U* | Dy oy
=D Sp(Po, Wea Uy A Us*) o
= ZSP(WEQ P¢,(X.p UtAk Ut*)

= Sp(Wea 4; Ax(t)) . (2.13)

If on the other hand all @, € 1, belong to the same
eigenvalue of the macroscopic energy, then we can
write

A Ak ZCe_ﬂE"ocpSp(Pa, UtAk U;*)

— Sp(ea 4, 44 (1)) . (2.14)

The same result of course is obtained by choosing
W =G_Wed. Note that we have used that W
commutes with the macroobservables. Furthermore
we must remember that the exact Hamiltonian Hs
does not commute with the macroobservables. Only
in the case that [W, A]=[W, B]=0, we can give
to the expression Sp(WA4B(t)) the physical mean-
ing of a time-correlation. From all these considera-
tions we get a preference for Equation (2.9). Let us
summarize. Provided, we are considering only
initial ensembles W (0) with

W (0) = Wea+ Weay Sp(W (0) 4s) yis 4;,

we get the following solution:

CAwy () = 2, 71 Sp(Wea 4; A (1) <4 (0) .

The term Sp(We4A4;A(t)) can be interpreted as a
time-correlation. The initial condition can be
interpreted in the following way: Only purely
macroscopic initial ensembles are allowed.

3. The Solution of the Problem with the Help of the
Linear —Response —Formalism

In the following considerations we follow Martin
[3]. We consider an external disturbance

HeXt = ——ZAja]-(t) (31)
The usual l.r.f. then yields [15], [16]

A ) =2 gt —t') e~ Vg dr, (3.2)
where

217 (0) = 0 {[4q(t), ;1)1 O (f) .
Here [A4, B] is the commutator and

{AYea=Sp(CeFPH 4).
We now choose the disturbance

: a|t<o,

“0=10 |¢20.
Thus we get

<Ai> Z f%if e = dj dr s

{4yt =0 (3.3)
or

{4 (t=0)

=2 (s =¢),
]

7i; being the Laplace transformed y;;. With the
assumption that this linear system can be solved
uniquely, we get
ar =3 (7(eNi! (A0(0)
A ) =2 [rult =)
rexp{—e|t'|}(x

(3.4)
)at (A (0)dt’ .

Now let us take the Laplace transformation of
Equation (3.4). After a short calculation we get

Aps=—i2+n)
=2le=—i24 0 omp—y
2 (it (s =€) <A (0).

In the next section we shall compare the result
(3.5) with our earlier results.

(3.5)

4. Comparison of the Results

The l.r.f. calculations within these considerations
can be found e.g. in [15]. We define
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Fij(t) = 3 Sp(Wea{dq(t), 45}),

Sij(t) = Sp(As(t) 4; Wea), (4.1)
Cis(t) = v (Sy(t) — Sp(—1)),

11 (8) = O(t) Ly () -

With [Wed, Hy] =0 and the cyclic invariance of the
trace we have

Sp(Wea d; Ay(t)) =
Thus

Fij(t) = 3(Sy(t) + Sje(— 1))

Si; is analytic in B = {z| — f < Imz < 0} provided,
the occuring traces converge absolutely. Thus
Sij(t—18)=8ji(—t). Let us consider the analytic
function

2) = (1/)/270) Sij(2) ez .

Sji(— t).

(4.2)

Then we get
[G(r)dz= [ G(2)dz
R R—1iB
Thus
Sij(w) = (2 Fij(w) — Sij(w)) ebo,
Sij(w) = 2F(w) (1 4 e-Bo)-1 (4.3)
21(1 —eBo)
Cij(w) - *{’_ljé_*ﬁw i(w),

which is the fluctuation-dissipation-theorem. For
brevity

1 — e B0 Bw ,
1L oho B(w) =5+ E'(w);
Fy( V2( [etot Fy(t) dt +j0eiwt Fi(t) dt)
= FQP(0) + FP (w) .

FY is analytic in the upper halfplane, F?) corre-
spondlngly in the lower halfplane.
With

fle) = V_;n f mlﬁ f(©)do (4.4)
we get after some calculation
Cis(s) = Zu7(9)
‘VL’” FO(is) R(is) (4.5)
+ g (S e 3 e,

fu=i@u+1)7p.

Note, that
1 oo
Fg;) (Z 8) = W; O[ e—st F” (l) dt
1
= Vo Fiy(s)
Thus

(4.6)

2.22)

87 (oo F(l)( ))

T Bap \ L te—iE] iy z,,—zs
From Eq. (4.4), it follows that
lim Xi]' V IFU () — dw
$—0

R'(w) do

= Vﬁ [Fij(o) + l/; [ Fij()
Furthermore
Fy;(0) = Sp(Wea 4; 4y)

and
yy = (F)5'.
Thus
[ R'(w) 8
el 0 2

Now let us consider the Laplace-transformation of
Eq. (2.11)

Ay (8) = 2, 71 Fie(s) <4 (0) . (4.8)
Now we use the following assumptions:
1 .
Fy(s) = — Eﬂm(s),
2\
Yij = (hm;—)ﬁ . (49)
§—0 /3

Inserting these expressions into Eq. (4.8), we get

- =1 1 .
KA (s) = Z(hm x(s )) s X (8) <A (0)

s—0 ij
or

Aps=—i2+n)

- 1

s —0 ij

(4.10)

; Zik(— 1 Q + n){4:)(0)

which agrees completely with Equation (3.5).
We had used two assumptions on the way to this
result.
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1. Equation (2.11) is valid. Whether this is true
or not must be investigated with the help of
stability considerations. Equation (2.11) must be
tested with respect to Equation (2.9). These
stability considerations shall be done in a later work.

2. Assumptions (4.9) are valid. Let us start from
Equation (4.5). Taking the inverse Laplace-trans-
formations, we get:

Cy(t) V2n,ﬁ zpp) exp{ (2u _!;3 )7 t}

_ZF zu)exp{( e L }
u=-—1 .8
—|—l/; ;R i 8p) fﬁ"“ (s — 8p)) ds €.

(4.11)

where P is the analytic continuation of (! into
the lett half-plane, s, its poles. Now the s, govern
the behaviour of Fy;(t), which should be smooth for
macroobservables, thus, if |s,| <7/, we can
neglect the first terms in (4.11) in choosing an
appropriate time-scale. Note, that z/8 becomes
big for small , i.e. high temperatures. The same
argument applies to our second condition. Starting
from Eq. (4.7), we can neglect the second term, if
Fij(w) decreases sufficiently rapidly (Fy(t) smooth!)
with respect to the fact, that

lim R’ (w)/w =0.
o—0
Of course we cannot expect that these assump-
tions are true for all observables. If we confine
ourselves to macroobservables which should change
slowly in time, these assumptions seem to be reason-
able. Thus we are led to the conclusion that the
Lrf. can be justified for irreversible processes in
closed systems and in systems in contact with a
heatbath under the condition that the initial
ensembles are purely macroscopic. Note that these
conditions followed from a linearization with
respect to equilibrium.

J(y) =P4" Py — (D4)

Y, 1 kil
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The discussion of the response of systems to
external disturbances shall be discussed in a forth-
coming paper.

Appendix A

We look for the solution of the variational
problem 6 (Sp W log W) =0, defined on £, under
the conditions <{A4;>=const, SpW =1. First we
consider the case that the variation is done with
a fixed c.o.s. (¢y). We start from W:Zw,.P,,
Now Sp (W log W)= > w, log w,. The usual calcu-
lation yields

W= Zexp{— 1—2¢ — Zli (v| 4i|v)} Py,
v Ad)

where Ao, A; are to be determined by the conditions
(1.5). We must prove the uniqueness of the solu-
tions Ao, 4;. This can be done with the help of the
considerations of Chintchin [16]. Let us define

exp {Z (A5 A3} Z exp {— Z Ao} = Da(A
(A. 2)
where Ag=1, Jo=1+4 Ay, o = v | 4| »). Further-
more we put log @4 =¥ 4. We look for the extrema
of ¥4. We get

> exp{— > Ao} a;

o, :
Dexp{—> Aha} ’

e (Adp —

E=>1.
(A.3)

Thus we have: If A; is an extremum of ¥4, then
A1 is a solution of our problem. Now let be A1, A2
two different extrema. We consider the straight
line through A;, Az

= A1;+ y(A2; — Ayg),

Now we define the function ¥4(y) by inserting
these values of A into Equation (A.2). Now Y4(y)
is a convex function. This is true if

Dy Dy— (Py')2=0.

yeR.

Now we have

2= Ry Ry [(e’” — <Ar)) (¥ — {A)(Aag — Arx) (A2 — Av)

— (ox” — {Ap>) (aut — {ApD) (A2 — A1x) (A2 — Au)],

where

R, =exp{— Z (A1; 4 y (A2 — Axg)) (" — <40)} > 0.
7

Thus we get

:ZRvRﬂ Z A2k_/11k ak’ _au))2>0

v, 14 k
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Furthermore we have
J(y)=0 <= > (Aox — A1) (ox” — oazh=0
¥

for all v, u .
Now we have

Tyu S (Ao — Ar) (oa? — o)
= {ps| D (A2k — A1x) Ai | @»)
— Lpu| 2 (Aok — Asg) Ak |@u> -

We have to discriminate two different cases:

(A4)

1. For the fixed c.o.s. (¢,) there is a linear com-
bination z(/lgk—/llk)Asz of the macro-
observables with T,,=0 for all v, u.

2. This is not the case.
In the case 2 we have:

Tyy=0 forally,u =
> (Aogg — A1) A =0

which implies, by means of the linear independence
of the macroobservables, Asy — A1x=0. In this
case the solution is uniquely determined, if it
exists.

For the first case we do not answer the question
concerning existence and uniqueness, because we
do not need this answer as follows from later
considerations.

Returning to the second case we prove the
existence of the solution under the additional
condition that all w, =0, or Tw,=0. The proof
of the convexity of ¥W,(y) shows that @4(A) is
convex for every straight line. Especially we con-
sider the function

Paly) =2 exp{— 2 yaj(a — {4p)}
— Z e~ VS

— Z e b Ze—ysy =1 Z e~ Vs
Sy=0

Sy>0 Sy<0

(A.5)

After presupposition not all s, can be zero. The
non-vanishing cannot be all positive or all negative.

We have
sy =2 az(a — (4p)
= {po| S a4y g0
== zwu e Zaj Aj | gu
Let all non-vanishing s, be >0. Then we get
0< Zw,,s,, — Zw,, Ly Za,-Aj )

—zwﬂ<¢ulzaj‘41[¢u>
=0.

(A.8)
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Thus there must be positive and negative s,. But
then we get

D4(y) = exp{— yMaxs,} + exp{— y Mins,},
8y >0

8y<0
or

ly| = R = Paly)
= Min (exp {R Max s,}, exp {R | Min s, |}) .

Thus there exists a sphere S of radius R with the
following property

A eS| DPy(A) < Pa(A')
for all A" with | A'| = R.

Now @,4(A) is bounded and continuous, therefore
it takes its minimal value inside S. Furthermore it
is differentiable. This is the proof.

It can be shown by a very simple example that
the condition Tw, ==0 is necessary for the proof.
Choose A=a P, + P, |a>p as operator in §
spanned by @i, 2. Choose W=P,,. Then there
exists no A, D such that

Sp(De ™) =1;

Sp(De*4 A)=Sp(WA). (A7)

In order to escape the restriction to a fixed c.o.s.
we consider now the following situation. In any
given ensemble ® we perform a measurement of
the macroobservables 4;. The measured systems
then form an ensemble & described by

W = Z uy Py, ,
®, being the macroobservables,

uy = Sp(WPy,) = Sp(D we Py, Pg,) .
But now we have :

> uyloguy < > wylogwy. (A.8)

This follows from the inequality

(2, gi %) log (D gi @) < 2 qi @i log
with

2a=1

(see [17]). The equality only holds if all x; are
equal. Thus we have

> uylog u, < > wylogwy

unless all the w, are equal, but then

1
W =P, —=We,
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which is a trivial case. With
Uy = ng Yovs Vov = |<%|¢V>|2
e

we put g; £ yey, v fixed, 2; 2w,. Thus we get

uylog u, < z Vor Wo log wy ,
)

which after summation is the proof. Furthermore
we have Sp(Wlog W) <Sp(W log W). This follows
from the fact that

4z

de2?
under the conditions Z v, =0, Z v|A|v) vy =0.
Before we start our final considerations we prove
the following lemma :

If the c.o.s. (gy) is the c.o.s. of the macroobserv-
ables we get the following result. There is no linear
combination B of the macroobservables with the
property: All {¢,| B|gy> ={(D,| B|®,) are equal.
That means we have the case 2.

Proof: (@,| > a; A; | Dy) = (Dy| B| D) = b,.
All by are equal == B=b1=0P,.

(Z(Wr“f‘ evy) log (W, + e v,)) (e = 0) > 0

P, itself is a macroobservable and thus we had
a linear relation between the macroobservables,
which is not the case. Thus the variational problem
is uniquely solvable if it is solvable at all. This is

the case if Tw,=0. Now let @ be the ensemble
which originates from ® by measurement of the
macroobservables, ® the ensemble which originates
from & by variation. Furthermore we define

H[®] = Sp(Wlog W). (A.9)
Let us consider the following diagram

i

G

Let us consider only ensembles & with Tw, ==0.
If the variational problem for & is not solvable,
we pass over to ®& with H#[G]> H#[®]. Now it is
easily seen that Tw, =0 too, thus the variational
problem is uniquely solvable, the solution is .

Thus we have H[®]>H [@]. If the variational
problem for & is solvable, there could be several

solutions. If there is only one solution ®, we have
H[B] = H[B].
If &:@eq, we have ®=G=G® and the only

solution is ®ea. If & == (3eq, we have .}f[@] >,7f[(§5].
Now the expectation values of the macroobserv-

ab]es commde for &, (!6 ®, Qj (ﬁ Thus we get
#[®]>%[(¥>] and (5 is the only solution. If

there are several solutions the same considerations

apply, again yielding ® as the only solution. Thus
we have the final result:

If only ensembles & with Tw, ==0 are regarded,
the complete variational problem is uniquely

solvable. The solution is given by .
The same considerations apply if we look for
solutions of the equations

Sp(Dexp{— B H + 2 ki Ai}) = (Ao

The proof is quite analogous. We do not discuss
here uniqueness and existence of the solutions of
the equations

D
Sp ('5 {eBH, exp[— > A Ai]} Af) =<4;>.

There is no difficulty in the linearized case, and
only this is discussed in the paper.

Appendix B
We prove the regularity of the matrix (4;4;)¢a.
ZSp(WquiA,-) 2 =0
7
and
ZSp WeqxiAix, A]) =0 =

Sp( W‘*‘Jl (O @ i) (D 2 Ay
Now Wea is =0 for every definition.
Therefore we can write
Sp(Wea B2) = Sp()/ Wea |/ Wea |/ B+ |/ B+)
— Sp(/B* /Wi Wes Y B)
= (Y Wea )/ B+; ) Wea | B).

;=0 not for all 7 =

— Sp(Wea B2, (B2) = 0.

Therefore we get
VWEVE:O:VBT——-O»Bzo

and that is not the case, because the A; are linear
independent.



120 0. Seeberg - The Linear Response Theory of Irreversible Processes

Appendix C

We investigate some projection-properties.
A) G, defined by
G~A = Wea Z Sp(44;) yi A; ,

1
Wei=—P,,

is a projection-operator!
1. G(GA) = WeaS Sp(GAAy) yi A;,
Sp((GA) Ay) = > Sp(Wead;A;) Sp(A4))
thus G2 — (:;, especially éAi = A;.
2. G is selfadjoint!
(B;GA) = (GA; B)*
= Sp* (> Sp*(A4;) yi; A; Wea B)
= 2.Sp(A4y) yySp*(4; WeaB).
(GB: A) =Sp(2 Sp*(BA:) yy A; Wea 4).

Thus we have (B; éA) = (éB; A).

B) G defined in Eq. (2.8, 5) is not selfadjoint, the
Hermitean conjugate is given by

G B =" puSp(4x Wea B) 4; .
Proof':
(G B; A) = Sp(S y5 Sp* (A Wea B) 4; A)
= ZVik(B.l Wed Ay)(Aq; A)
= (B: 2, yir Sp(A4q) Wea 4y)
— (B;G4).
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