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Abstract. This paper shows the equivalence of applicative similarity
and contextual approximation, and hence also of bisimilarity and con-
textual equivalence, in the deterministic call-by-need lambda calculus
with letrec. Bisimilarity simplifies equivalence proofs in the calculus and
opens a way for more convenient correctness proofs for program transfor-
mations. Although this property may be a natural one to expect, to the
best of our knowledge, this paper is the first one providing a proof. The
proof technique is to transfer the contextual approximation into Abram-
sky’s lazy lambda calculus by a fully abstract and surjective translation.
This also shows that the natural embedding of Abramsky’s lazy lambda
calculus into the call-by-need lambda calculus with letrec is an isomor-
phism between the respective term-models. We show that the equivalence
property proven in this paper transfers to a call-by-need letrec calculus
developed by Ariola and Felleisen.

1 Introduction

Non-strict programming languages such as the core-language of Haskell can be
modeled using call-by-need lambda calculi. Contextual semantics, based on an
operational semantics, describes behavior of expressions in all possible contexts
and can model the semantics of different variants of these calculi. Applicative



bisimulation is a restricted form of contextual equivalence: if two closed ex-
pressions behave the same on all arguments, then they are bisimilar. It allows
more convenient proofs of e.g. correctness of program transformations. Abram-
sky & Ong showed that applicative bisimulation is the same as contextual
equivalence in a specific simple lazy lambda calculus [Abr90JAO93], and Howe
[How89IHow96] proved that in classes of calculi applicative bisimulation is the
same as contextual equivalence. This leads to the expectation that some form
of applicative bisimulation may be used for calculi with Haskell’s cyclic let(rec).
Howe’s method is applicable to calculi with non-recursive let even in the pres-
ence of non-determinism [MSS10]. However, in the case of (cyclic) letrec and
non-determinism the method fails, as a recent counterexample shows [SSMS09].
This raises a question: which call-by-need calculi with letrec permit applicative
bisimilarity as a tool for proving contextual equality.

We show in this paper that for the minimal extension of Abramsky’s lazy
lambda calculus with letrec which implements sharing and explicit recursion, the
equivalence of contextual equivalence and applicative bisimulation indeed holds.
The technique used is via two translations: W from a call-by-need letrec-calculus
into a full call-by-name letrec calculus using infinite trees as justification for the
correctness (i.e. full abstraction), and N translating the letrec expressions away
using a family of fixpoint combinators. Full abstraction of the translation, an
analysis of applicative contexts, and a variant of behavioral similarity then show
that the applicative similarity can be transferred between the calculi and that
the embedding of the lazy lambda calculus into the call-by-need calculus is an
isomorphism of the respective term models.

In [Jef94] there is an investigation into the semantics of a lambda-calculus
that permits cyclic graphs, and where a fully abstract denotational semantics is
described. However, the calculus is different from our calculi in its expressiveness
since it permits strictness annotations and a parallel convergence test, where
the latter is required for the full abstraction property of the denotational model.
Expressiveness of programming languages was investigated e.g. in [Fel91] and
the usage of syntactic methods was formulated as a research program there,
with non-recursive let as the paradigmatic example. Our isomorphism-theorem
[6-9] shows that this approach is extensible to a cyclic let.

Related work on calculi with recursive bindings includes the following
foundational papers. An early paper that proposes cyclic let-bindings (as
graphs) is [AK94], where reduction and confluence properties are discussed.
[AFMT95[AFI7IMOWOS] present call-by-need lambda calculi with non-recursive
let and a let-less formulation of call-by-need reduction. For a calculus with non-
recursive let it is shown in [MOWDO9S]| that call-by-name and call-by-need eval-
uation induce the same observational equivalences. Call-by-need lambda calculi
with a recursive let that closely correspond to our calculus L.y are also pre-
sented in [AFMT95JAFITIABO2]. In [AB02] it is shown that there exist infinite
normal forms and that the calculus satisfies a form of confluence. In this paper
we show that the letrec calculus of [AF97] is equivalent to Lyeeq W.r.t. con-
vergence and contextual equivalence (see Theorem and that bisimulation



for the letrec calculus of [AF97] is equivalent to contextual equivalence. This
supports our experience and view that contextual equivalence is a more central
notion than a specific standard reduction.

Outline: In Sect. Bl we introduce the two letrec-calculi and recall results for
Abramsky’s lazy lambda calculus. In Sect. [f] and [] the translations W and N
are introduced and the full-abstraction results are obtained. In Sect. [6] we show
that bisimulation and contextual equivalence are the same in the call-by-need
calculus with letrec. In Sect. [ we show that our result is transferable to the
letrec-calculus of [AF97]. Finally, we conclude in Sect.

2 Common Notions and Notations for Calculi

Before we explain the specific calculi, some common notions are introduced. A
calculus definition consists of its syntax together with its operational seman-
tics which defines the evaluation of programs and the implied equivalence of
expressions.

Definition 2.1. An untyped deterministic calculus D is a four-tuple
(&,C,— W), where € are expressions, C : £ — & is a set of functions (which
usually represents contexts), — is a small-step reduction relation (usually the
normal-order reduction), which is a partial function on expressions, and W C &
1s a set of values of the calculus.

For C € C and an expression s, the functional application is denoted as C|s].
For contexts, this is the replacement of the hole of C' by s. We also assume that
the identity function Id is contained in C with I1d[s] = s for all expressions s.
The transitive closure of — is denoted as X, and the transitive and reflexive
closure of — is denoted as —. Given an expression t, a sequence t — t; —

. — tn s called a reduction sequence; it is called an evaluation if t,, is a
value, i.e. t, € W. Then we say s converges and denote this as s|t, or as s|
if tn is mot important. If there is no t, s.t. slt, then s diverges, denoted as s1.
When dealing with multiple calculi, we often use the calculus name to mark its

. ) D ) S
expressions and relations, e.g. — denotes a reduction relation in D.
Contextual approximation and equivalence can be defined in a general way:

Definition 2.2. Let D = (£,C,—, W) be a calculus and s,t be D-expressions.
Contextual approximation <p and contextual equivalence ~p are defined as:

s<ptiff ¥CeC: Cls|lp= Clilp
s~ptiff s<ptAt<ps

Note that <p is a precongruence and that ~p is a congruence.

We are interested in translations between calculi that are faithful w.r.t. the
corresponding contextual preorders. Recall that we developed such translations
between calculi with contextual equivalences in [SSNSSO8/SSNSS09]: A trans-
lation 7 : (&,C1,—1,W1) — (€3,Cq, —2,Ws) is a mapping 7 : & — & and
a mapping 7¢ : C; — Cs such that 7¢(Id;) = Idg. The following notions are
defined:



T is compositional iff T(Cle]) = 7(C)[r(e)] for all C,e.

— 7 is convergence equivalent iff e, <= 7(e)|, for all e.

7 is adequate iff for all e,e’ € &1: 7(e) ~a T(e/) = e~y €.

7 is fully abstract iff for all e,e’ € £1: e ~1 ¢/ <= T(e) ~a T(€).

From [SSNSSO8ISSNSS09] it is known that a compositional and convergence
equivalent translation is adequate.

3 Three Calculi

In this section we present the calculi that we use in the paper: the two calculi
Lyeeqd and Lygme with letrec, which have the same syntax, but differ in their
reduction strategies, and Abramsky’s “lazy lambda calculus”, which is a pure
lambda calculus with a call-by-name reduction that has abstractions as successful
results.

3.1 The Call-by-Need Calculus L4

We begin with the call-by-need lambda calculus L,,..q which is exactly the call-
by-need calculus of [SSO7]. The set £ of L, ceq-expressions is as follows where
x,x; are variables:

siys,t€&n=xa|(st)| (Azr.s) | (letrec 1 = s1,...,&n = Sp, in t)

We assign the names application, abstraction, or letrec-expression to the ex-
pressions (s t), (Az.s), (letrec 1 = $1,...,&, = S, in t), respectively. A group
of letrec bindings is abbreviated as Enwv.

We assume that variables z; in letrec-bindings are all distinct, that letrec-
expressions are identified up to reordering of binding-components, and that, for
convenience, there is at least one binding. letrec-bindings are recursive, i.e.,
the scope of z; in (letrec &1 = s1,...,Zn—1 = Sp—1 in §,) are all expressions
s; with 1 < ¢ < n. Free and bound variables in expressions and a-renamings
are defined as usual. The set of free variables in ¢ is denoted as FV(t). We
use the distinct variable convention, i.e., all bound variables in expressions are
assumed to be distinct, and free variables are distinct from bound variables. The
reduction rules are assumed to implicitly a-rename bound variables in the result
if necessary.

A context C is an expression from L,..q extended by a symbol [-], the hole,
such that [-] occurs exactly once (as subexpression) in C. A formal definition
is:

Definition 3.1. Contexts C are defined by the following grammar:

CeCu=[]](Cs)|(sC)|(Ax.C)]| (Letrec x1 = $1,...,%y = Sy in C)

| (letrec Env,z =C in s)



(Ibeta) C[((Az.s)° r)] — C[(letrec & = r in s)]
(cp-in) (letrec z = 5% Env in C[zV]) — (letrec = s, Env in C[s])
where s is an abstraction or a variable
(cp-e) (letrec z = s Env,y = C[z"] inr) — (letrec z = s, Env,y = C|[s] in 1)
where s is an abstraction or a variable
(llet-in) (1letrec Env; in (letrec Envs in r)¥) — (letrec Envi, Envg in )
(llet-e) (letrec Envi,z = (letrec Envs in s,)° in r)
— (letrec Envi, Enve,x = S5 in 1)
(lapp) C[((1etrec Env in t)® s)] — C[(letrec Env in (¢ s))]

Fig. 1. Reduction rules of Lceq

Given a term t and a context C, we write C[t] for the L,ecq-expression con-
structed from C by plugging ¢ into the hole, i.e, by replacing [-] in C by ¢, where
this replacement is meant syntactically, i.e., a variable capture is permitted.

Definition 3.2. The reduction rules for the calculus and language Lyeeq are
defined in Fig. [1], where the labels S,V are used for the exact definition of the
normal-order reduction below. Several reduction rules are denoted by their name
prefiz, e.g. the union of (llet-in) and (llet-e) is called (llet). The union of (llet)
and (lapp) is called (111).

For the definition of the normal order reduction strategy of the calculus
Lyeeqd we use the labeling algorithm in Figure |Z[, which detects the position to
which a reduction rule is applied according to the normal order. It uses the
following labels: S (subterm), T' (top term), V (visited). We use V when a rule
allows two options for a label, e.g. s°V7 stands for s labeled with S or 7. A
labeling rule I — r is applicable to a (labeled) expression s if s matches | with
the labels given by [ where s may have more labels than [ if not otherwise
stated. The labeling algorithm has as input an expression s and then exhaustively
applies the rules in Fig. [2[ to s”, where no other subexpression in s is labeled.
The label T is used to prevent the labeling algorithm from visiting letrec-
environments that are not at the top of the expression. The labeling algorithm
either terminates with fail or with success, where in general the direct superterm
of the S-marked subexpression indicates a potential normal-order redex. The use
of such a labeling algorithm corresponds to the search of a redex in term graphs
where it is usually called unwinding.

Ezample 3.3. For the expression letrec x = z in x the labeling does not fail:
(letrec x = z in x)T —(letrec x = z in z%)"

— (letrec x = 2

in V)V
But for the expressions letrec z = (y ),y = (z y) in = and letrec z =
(x Muw.u) in x the labeling fails.



(letrec Env in t)T — (letrec Env in t%)V
Cl(s )] = C[(s% )]
(letrec x = s, Env in C[z°]) — (letrec x = 5%, Env in C[z2"])

(letrec z = s,y = C[z°], Bnv int) — (letrec z = s°,y = C[z"], Bnv in t)
if s was not labeled and if Cz] # =

(1etrec . = 5",y = C[z®], Env in t) — fail if Clz] #

(1etrec « = C[z°]V, Env in t) — fail if Clx] # «

Fig. 2. Labeling algorithm for L, ceq

Definition 3.4 (Normal Order Reduction of L,.q). Let t be an expression.

Then a single normal order reduction step need, s defined as follows: first the
labeling algorithm is applied to t. If the labeling algorithm terminates successfully,
then one of the rules in Figure[l]is applied, if possible, where the labels S,V must
match the labels in the expression t (again t may have more labels). The normal
order redex is defined as the left-hand side of the applied reduction rule. The

. , . . d,
notation for a mormal-order reduction that applies the rule a is feetd, e.g.

eed.lapp, applies the rule (lapp).
Definition 3.5. A reduction context Ryc.q is any context, such that its hole is
labeled with S or T by the labeling algorithm.

Note that the normal order redex as well as the normal order reduction is
unique. A weak head normal form in Lpeeq (Lneeda- WHNF) is either an abstrac-
tion Az.s, or an expression (letrec Env in Az.s). The notions of convergence,
divergence and contextual approximation are as defined in Sect. 2] Note that
black holes, i.e. expressions with cyclic dependencies in a normal order reduc-
tion context, diverge, e.g. letrec x = x in x. Other expressions which diverge
are open expressions where a free variable appears (perhaps after several reduc-
tions) in reduction position. A specific representative of diverging expressions is
2:=(Az.(z 2)) (A\x.(z x)), i.e. 29

need*

Ezample 3.6. We consider the expression t; := letrec z = (y Au.u),y =
Az.z in x. The labeling algorithm applied to t; yields (letrec x =
(yV Muw)V,y = (Az.2)% in V)V, The only reduction rule that matches this la-

beling is the reduction rule (cp-e), i.e. t; eed, (letrec x = ((\'.2)) Auwu),y =
(A\z.2) in x) = ty. The labeling of ¢, is (letrec z = ((\2'.2")° )Y,y =

(Az.z) in 2V)V, which makes the reduction (lbeta) applicable, i.e. t3 need,

(letrec z = (letrec 2z’ = Au.u in 2’),y = (Az.z) in x) = t3. The labeling
of t3 is (letrec = = (letrec 2z’ = \u.u in 2')%,y = (A\z.z) in 2¥)V. Thus an

(llet-e)-reduction is applicable to to, i.e. t3 Lneed, (letrec x = 2/, 2/ = Auu,y =

(Az.z) in x) = t4. Application of the labeling algorithm to t4 yields: (letrec z =

29 2" = Mu.u,y = (M\z.2) in ") Thus the normal order reduction is a (cp-in)-

. . Lyee i
reduction, i.e. t; =% (letrec x = 2’2/ = Au.u,y = (Az.2) in 2’) = t5 The la-



beling of t5 is (letrec z = 2/, 2’ = Au.u®,y = (A\z.2) in 2’V)V. Again a (cp-e) re-
duction is applicable, i.e. t5 — (letrec xz = 2/, 2/ = Au.u,y = (Az.2) in A/ /) =
te The labeling algorithm applied to tg yields (letrec = = 2/,2' = Auu,y =
(Az.z) in M/.w’®)V | but no reduction is applicable to tg, since tg is a WHNF.

An Alternative Definition of Normal Order Reduction Reduction con-
texts of Lyeeq can be syntactically defined by the following grammar

Riced € Rpeed := A | letrec Env in A

| letrec 21 = Ay, 29 = As[x1], ..., 2n = Ap[zn_1], Env in Alz,]
where x; are variables, As,..., A, are not the empty context and A, A; are
A-contexts defined as A € A ::=[] | (A s) where s is an expression.

Normal order reduction can be alternatively defined (without labels) as fol-
lows:

(Ibeta) Rpeed[(Ax.8) 1] — Rpeea[letrec x = r in s
(cp-in) letrec y = s, Env in Aly] — letrec y = s, Env in A[s]
where s is an abstraction or a variable

(Cp-e) letrec y1 = s,y2 = A2 [yl}v sy Yn = An[ynflL Env in A[yn]
— letrec y1 = 8, y2 = As[s], ..., Yn = Anlyn—1], Env in Aly,]
where s is an abstraction or a variable, and As, ..., A, are non-empty A-contexts
(llet-in) (letrec Env; in (letrec Envs in 1)) — (letrec Envy, Enve in )
(llet-e) letrec y; = (letrec Envy in r),y2 = As[y1l,. .., Yn = An[yn—1], Enve in Aly,]
— letrec y1 = 7, Envi,yo = As[yi1], ..., yn = Anlyn—1], Env in Aly,]
where As,..., A, are non-empty A-contexts

(lapp) Rnpeea[((letrec Env in 1) t)] — Ryeed[(letrec Env in (r t))]

3.2 The Call-by-Name Calculus L., .

Now we define a call-by-name calculus on the L, .4-syntax. The syntax of the
calculus L, qme is the same as that of L,,..q, but the reduction rules are differ-
ent. This calculus L,qm. has a different call-by-name-reduction than the one in
[SS07], since that calculus treats only beta-redexes as call-by-name, but uses a
sharing variant for (cp).

The reduction contexts Ry,ame are contexts of the form L[A] where the
context classes A and £ are defined by L € £ == [] | letrec Env in L;
A€ A:=[]| (A s) where s is any expression. Normal order reduction ~“"% is
defined by the following three rules:

(lapp) Rpame[(letrec Env in t) s] — Rpame|letrec Env in (t s)]
(beta) Rygme[((Ax.5) t)] — Rpame|s[t/]]
(cp) L[letrec Env, x = s in Ruume|z]] — L[letrec Fnu, x = s in Ryame[s]]

Note that =% is unique. An Lyame-WHNF is defined as an expression of
the form L[Az.s]. We write s iff there is a normal-order reduction to a

name
name,*

Lpame-WHNF, ie. iff s 22295 [[Az.s].



3.3 The Lazy Lambda Calculus

In this subsection we give a short description of the lazy lambda calculus [Abr90],
denoted with Ljq4,,, which is a call-by-name lambda calculus. The set £ of L, -
expressions is that of the usual (untyped) lambda calculus: s,s;,t € € 1= z |
(s1 s2) | (Ax.s) where e, e; are expressions, and z means a variable. The set W

of values are the L;q,,-abstractions. The reduction contexts Riq., are defined

. . 1
by Riazy € Riazy = [] | (Riazy ) where s is any Ljq.-expression. A a4,

reduction is defined by the rule: (beta) Riq.y[((Az.s) t)] — Riazy[s[t/x]]. The

lazy . . .
—-reduction is unique.

We repeat the definitions and the required properties of L., , where proofs
can be found in [How89How96/Abr90JAO93]. For basic definitions and conflu-
ence see e.g. [Bar84]. Since this calculus is well-studied and some properties are
folklore, there are different and alternative proofs of the properties below.We give
a sketch of how these proofs can be constructed in the Appendix [B] We require
these properties in other sections and as properties of the target of translations,
which allows us to lift the properties to the calculi Ly gme and Liyeeq.

Definition 3.7 (Simulation in Lju.,). Let n be a binary relation on closed
Lygy-expressions. Then s [N]iazy t holds iff s|Ax.s’ implies ( tlAx.t' and for
all closed Ligs,-expressions r the relation s'[r/x] n t'[r/x] holds). The relation
<b,lazy 1S defined as the greatest fixpoint of the operator [-|iqzy-

For a relation n on closed expressions, let the open extension 1n° be defined
as s n° t iff for all closing substitutions o: o(s) n o(t). Note that by the theorem
below, this can be shown to be equivalent to: for all closing substitutions o that
replace variables by closed abstractions or §2: o(s) n o(t). As an example <p,
is the open extension of <j jazy-

There are several variants of behaviorally and contextually defined relations
in Lig.y, that are all equivalent to contextual approximation. We omit the proof
here, but it can be found in Appendix

Theorem 3.8. In Ly, all the following relations are equivalent to contextual
approTimation <jgy:

1. Sglazy'

2. The relation <jquy1 where s <jquy .1t iff for all closing contexts C: C[s]] =
Ct)l.

3. The relation <juy2, defined as: s <jazy 2 t iff for all closed contexts C' and
all closing substitutions: Clo(s)]] = Clo(t)]].

4. The relation §g’lazy)1 where <p jazy,1 95 defined using the Kleene-construction:

<b,lazy,1= ﬂiZO gfm, where g’w is the relation £xE, and gg,m = [gg,i]lmy
for all i.
5. The relation <p .., o where <p jazy 2 is defined as: s <piazy2 t iff for all
n > 0 and all closed expressions ri,i =1,...,n:sry...rpl = try...r,l.
6. The relation <b.lazy.3: where <y 1asy,3 15 defined as: s <pasy,3 t iff for all
n >0 and all 7,1 = 1,...,n, where r; may be a closed abstraction or (2:

ST1...Tpl = tri...rpl.



7. The relation <y ., 1, where <p iazy 4 15 the greatest fizpoint of the operator
[iazy,a2 0N closed expressions. By definition s [1]iazy,an2 t holds iff s|Ax.s’
implies t|Ax.t" and for all closed Liq,,-abstractions r and r = (2, the relation
s'[r/x] n t'[r/x] holds.

Beta-reduction is a correct program transformation in Ljq.,:
beta

Theorem 3.9. Let s,t be Ljg,y-expressions. If s ——t, then s ~jqzy t. For all
Lygy-expressions s,t: 2 <iqzy 5. If 5,1 are closed and sy and tfy, then s ~jqsy t.

Also the following can easily be derived from Theorem [3.8 and Theorem [3.9}

Proposition 3.10. For open L., -expressions s,t, where all free variables of
s,tare in {x1, ..., 2} S <igay t = AT1,...Tn.S <iazy AT1, ... Tyt

Proposition 3.11. Given any two closed Liu.y-expressions s,t: for all closed
Lygy-abstractions v and also forr =2 s v <igpyt v = 5 <pany t.

Proof. The if-direction follows from the congruence property. The only-if direc-
tion follows from Theorem

4 The Translation W : L,..g — Lome

The translation W : Ljced — Lpame 18 defined as the identity on expressions
and contexts, but the convergence predicates are changed. We will prove that
contextual equivalence based on L...q-evaluation and contextual equivalence
based on L, qme-evaluation are equivalent. We will use infinite trees to connect
both evaluation strategies. Note that [SSO7] already shows that infinite tree
convergence is equivalent to call-by-need convergence. Thus, we mainly treat
call-by-name evaluation in this section.

We recall the definition of an infinite tree from [SS07], and describe the set of
trees as a calculus in the sense of Section [2] called Ly,q.: The set of infinite trees
T is co-inductively defined using the grammar T' € 7 ==z | (11 T2) | Ae.T | L
where z is a variable, T, Ty, T are infinite trees, L is a (special) constant. Con-
texts are trees with exactly one occurrence of a hole (as a subexpression).

Definition 4.1. Tree reduction contexts R for (infinite) trees are inductively
defined by R == [] | (R T), where T stands for an infinite tree. The only
reduction on trees is:

(betaTr)  ((Axz.s) r) — s[r/z]

If the reduction rule is applied in an R-context, it is a normal order reduction
on trees —<%. Values are trees of the form \x. T, i.e. abstractions.



Now we define a translation IT from L, ne-expressions into Lipee-
expressions.

We use Dewey notation, i.e. strings over {1, 2}, as positions of infinite trees,
where numbers are separated by a period. Here 1 refers to the left and 2 to the
right subtree of an application, and 1 to the body of an abstraction. The empty
string is denoted as e. For an infinite tree T its label at position p (written as T'|,,)
is defined as usual, i.e. (Th T2)l1.p = Thlp, (Th T2)l2p = Tolp, (A2 T)]e = Az,
(Ty T5)|e = app, x| = x, and L|. = L. The subtree of T at position p is T',,.

Definition 4.2. Given an expression t, the infinite tree IT(t) of t is defined by
the labels at valid positions, where the positions and the labels of IT(t) for every
position are computed by the following algorithm, using the notation C[t'|,] if the
algorithm searches the label at position p and is currently at the subexpression
t'. Given the expression t and a position p, if and only if the following rules
(—) (where C,C; are Lygme-contexts, s,t are Lygme-expressions) exhaustively
applied to t|, end with a label | € {\z,app,z, L}, then p is a position of IT(t)
and IT(t)], = L.
The final steps in the label computation are as follows:

Cl(A\x.9)]¢] — Az

C[(s )] — app

Clz].] — x if x is a free or a lambda-bound variable
C[letrec = = [xje] Env in s — 1

Clletrec z1 = Cify1], ..., xn = Cplz1le), Bnv in s — L

For the general cases, we proceed as follows:

L. Cl(Az.5)11.p] CAz.(slp)]

2.C[(s t)11.] Cl(slp t)]

3. C[(s t)]2.)] Cl(s tlp)]

4. C[(letrec Env in r)],] C[(letrec Env in r|,)]

5. C1[(letrec & = s, Env in Chlz],)])] Ci[(letrec = s]p, Env in Cs[z])]

6. C1[letrec z = s,y = Ca[z],], Env in r] — Cl[letrec x = slp,y = Calz], Env in 7]

In all cases not mentioned above, the result is undefined, and hence the position
p is not a position of the tree.

name,cp name,lapp
_—

Lemma 4.3. Let s,t € Lygme. Then s t or s ———— t implies

IT(s) = IT(t).

Proof. For (cp) let s = Cy[letrec x = s, Env in Cylz]] and t = Cy[letrec x =
s, Env in Cy]s]]. Then for IT(s) and IT(t) the only change may happen at the
position that corresponds to z in Cy[z], but as the computation of the labels
shows, the labels remain unchanged.

For (lapp) let s = C[(letrec Env in ') t'] and t = C[letrec Env in (s’ t')].
Then it is again easy to observe that every label of every position is identical for
IT(s) and IT(t).



name,beta
_

Lemma 4.4. Let $1 := Rugme[(Ax.5) ]

tree

IT(sy) — IT(s2).

Rruamels[t/xz]] =: s2. Then

Proof. The redex ((Az.s) t) is mapped by IT to a unique tree position within a
tree reduction context in IT(s;). The computation IT transforms ((Az.s) t) into
a subtree o((Az.s) t), where o is a substitution replacing variables by infinite
trees. The tree reduction replaces o((Az.s) t) by o(s)[o(t)/x], hence the lemma
holds.

Proposition 4.5. Let s be an expression with s| Then IT(5)] ree-

name”*

Proof. This follows by induction on the length of a normal order reduction of s.
The base case holds, since IT(L[(Az.s)]) is always a value tree. For the induction
step we consider the first reduction of s, say s — s’. The induction hypothesis
shows IT(s")] ee- If the reduction s — s’ is a (name,lapp) or (name,cp) re-

duction, then Lemma [4.3|implies IT($)] yee- If s
shows IT(s) 2% IT(s') and thus IT(s)] .-

name,beta
s’, then Lemma |4.4

Now we show the other direction:

Lemma 4.6. Let s be an expression such that IT(s) = R[T], where R is a
tree reduction context and T # 1. Then there is an expression s’ such that

name(lapp)V{cp) » s, IT(s") = IT(s), s = R[s"], IT(L[s"]) = T, where
R = L[A[]] is a reduction context for some L-context L and some A-context A,
s" is a free variable, an abstraction or an application iff T is a free variable, an
abstraction or an application, respectively, and the position p of the hole in R is

also the position of the hole in A[].

Proof. The tree T may be an abstraction, an application, or a free variable in
R[T]. Let p be the position of the hole of R. We will show by induction on the

. . . . (1 !
label-computation for p in s that there is a reduction s name,(lapp)V (cp)» s,

where s’ as claimed in the lemma.

We consider the label-computation for p to explain the induction measure, where
we use the rule numbers of Definition [{:2] Let ¢ be such that the label compu-
tation for p is of the form 4*q and ¢ does not start with 4. The measure for
induction is a tuple (a,b), where a is the length of ¢, and b > 0 is the maximal
number with ¢ = 2°¢’. The base case is (a,a): Then the label computation is of
the form 2* and indicates that s is of the form L[A[s"]] and satisfies the claim
of the lemma. For the induction step we have to check several cases:

1. The label computation is of the form 4*274 .. .. Then a normal-order (lapp)
can be applied to s resulting in s;. The label-computation for p w.r.t. sy is
of the same length, and only applications of 2 and 4 are interchanged, hence
the second component of the measure is strictly decreased.

2. The label computation is of the form 4*2*5.... Then a normal-order (cp)
can be applied to s resulting in s;. The length ¢ is strictly decreased by
1, and perhaps one 6.-step is changed into a 5.-step. Hence the measure is
strictly reduced. O



Lemma 4.7. Let s be an expression with IT(s) 2<% T. Then there is some s'

with s %, &' and IT(s') = T.

Proof. If IT(s) 2 T, then IT(s) = R[(Az.t;) ts] where R is a reduction
context and T = R[t1[t2/x]]. Let p be the position of the hole of R in IT(s).
We first apply Lemma to s and the tree context R[([-] ¢2)] and thus ob-
tain a reduction s " &'  such that IT(s) = IT(s') and s’ = R[r] where
R = L[A[]] is a reduction context and IT(L[r]) = (Az.t;), and r is an ab-
straction. It is obvious that IT(s')|,.2 = t2 and that R = L[A'[[] r2]]. Thus

s’ = LIA'[(Ax.r1) r2)]] name,beta, L[A'[r1[r2/z]] = §”. Now one can verify that
IT(s") = T must hold.

Proposition 4.8. Let s be an expression with IT($)]1ree- Then sl ,ame-

Proof. We use induction on the length k of a tree reduction IT(s) Dree.k, T,
where T is a value tree. For the base case it is easy to verify that if IT(s) is
a value tree, then s ——®", J[\z.s] for some L-context and some s'. Le.
$ | name. The induction step follows by Lemma [£.7]

Corollary 4.9. For all Lyame-expressions s: s| if, and only if IT(8)] iree-

name

Theorem 4.10. <, ume = <need

Proof. We have shown that L,,qm.-convergence is equivalent to infinite tree con-
vergence. In [SS07] it was shown that L,.q-convergence is equivalent to infinite
tree convergence. Hence, L, qme-convergence and L,,e.q-convergence are equiva-
lent, which also implies that both contextual preorders and also the contextual
equivalences are identical.

Corollary 4.11. W is convergence equivalent and fully abstract.

5 Translation N : L, — Ljg

We use multi-fixpoint combinators as defined in [Gol05] to translate letrec-
expressions into equivalent ones without a letrec. The translated expressions
belong to Liq.y.

Definition 5.1. Given n > 1, a family of n fixzpoint combinators Y;* for i =
1,...,n can be defined as follows:

Y= A1, fa Az, e fi (121 ocomn) oo (21 - T))
Az1, .oy xnf1 (@121 oo xn) o (@ 21 - Ty))

(/\xl,,xnfn (1 21 o) oo (Tp 21 ... y)))



The idea of the translation is to replace (letrec x1 = $1,...,%, = S, in 1)
by r[S1/x1,...,Sn/xy] where S; ;==Y Fy...F, and F; := Axy,...,Tn.S;.

In this way the fixpoint combinators implement the generalized fixpoint prop-
erty: Y* Fy ... F, ~F;, (Y{" Fy...F,)...(Y» Fy...F,). However, our transla-
tion uses modified expressions, as shown below.

Consider the expression Y;"Fj...F,. Expanding the notations,
we get ((/\flaafn(Xz X1 Xn)) F1 Fn) where Xl =
Aty .oz (fi (121 oo @) .. (Tp @1 ... Ty)). Reducing further:

i fo(Xs X1 oo X)) Fy oo Fy 25 (X0 XD LX),

n
where X! = Az ... 2p.(F; (x1 21 ... @) (T 21 ... Ty))

We take the latter expression as the definition of the multi-fixpoint transla-
tion, where we avoid substitutions and instead generate S-redexes.

Definition 5.2. The translation N :: Lygme — Liasy i Tecursively defined as:

— N(letrec 1 = $1,...,&n =8y in 1) = (Ax1.... 2. (N(r))) Uy ... Uy)
where U; = (A1, ..., Tn. % @1 ...2,) Xi ... X/,
X/ =dxy...xn.Fi(v1zy ... xn) .o (T oo 2y),
Fi = )\1’1, ey ZZZnN(SZ)
— N(s1 s2) = (N(s1) N(s2))
— N(Az.s) = Ax.N(s)
— N(z)==.

We extend N to contexts by treating the hole as a constant, i.e. N([]) = [].

Convergence equivalence of the translation N follows by inspecting the rela-
tion between Ly qme- and the translated Ljq,,-reductions. The full proof can be

found in Appendix [C] Proposition

Proposition 5.3. N is convergence equivalent, i.e. ¥t € Lygme: tl —

N(t)

name

J»lazy .

Lemma 5.4. The translation N is compositional, i.e. for all expressions t and
all contexts C: N(C[t]) = N(C)[N(t)].

Proof. This easily follows by structural induction on the definition.

Proposition 5.5. For all s,t € Lypgme: N(5) <igzy Nt) = 5 <pame t, i€
N is adequate.

Proof. Since N is convergence equivalent (Proposition and compositional
by Lemma we derive that N is adequate (see [SSNSS08] and Section [2)).

Lemma 5.6. For letrec-free expressions s,t of Lpame the following holds:
5, € Ligzy and s <pame t == 5 Sigzy T



Proof. Clearly every letrec-free expression of Lygme is also an L4, expression.
Let s,t be letrec-free such that s <pume t. Let C' be an L,,-context such

that C[s]] s, i-e. C[s]

Lyname and Lig,, we obtain that C/[s] Az.s' (by the identical reduction
sequence), since C[s] is letrec-free. Thus, C[s]],ume and also C[t]], mes i-€-
there is a normal order reduction in Lygme for C[t] to a WHNF. Since C[t] is
letrec-free, we can perform the identical reduction in Ly, and obtain C[t]],,,,-

lazy,k . . L
I xS By comparing the reduction strategies in

name,k

The language Ljq,, is embedded into Lygme (and also Lyeeq) by the identity
embedding ¢(s) = s. In the following proposition we show that every L, ceq-
WHNF (and also every L gme-WHNF) is contextually equivalent to an abstrac-
tion:

Proposition 5.7. For all s € Lyame: S ~name L(IN(8)). If s is an Lyeeq- WHNF
and N(5)]4,,v where v is an abstraction, then s ~peed L(v).

Proof. We first show that for all expressions s € Luame: § ~name t(N($)).
Since N is the identity mapping on letrec-free expressions of Lygme and N(s)
is letrec-free, we have N(1(N(s))) = N(s). Hence adequacy of N (Proposi-
tion implies 8 ~name L(N(s)). Theorem [3.9] shows N(s) ~4z, v and Propo-
sition show that t(v) ~pame t(IN(8)) ~name s. Finally, Theorem shows
the claim.

Proposition 5.8. For all s,t € Lygme: 8 <name t = N(8) <iazy N(2).

Proof. For this proof we treat Ljq,, expressions as Lyqm. expressions. Let s,t €
Lname and s <name t- By PI‘OpOSitiOI’l N(S) ~name S Sname T ~name N(t)
and thus N(s) <pgme N(t). Since N(s) and N(t) are letrec-free, we can apply
Lemma [5.6) and thus have N(s) <.y N(t).

Now we put all parts together, where (N o W)(s) means N(W (s)):

Theorem 5.9. N and N o W are fully-abstract, i.e. for all Lyeceq-expressions
8,88 <peea t = N(W(s)) <igzy N(W(2)).

6 On Simulation in L, .4

First we show that finite simulation (see [SSMOS]) is correct for Ly eeq:

Proposition 6.1. Let s,t be closed expressions in Lpeeq. The following holds:
(For all closed abstractions r and for r = 2: s 1 <jeeq t r) <— S <,eed t.

Proof. The < direction is trivial. We show the nontrivial part. Assume that for
all closed abstractions r and for r = 2: s r <,.eq t r. Then we transfer the
problem to Ly, as follows: N(s) and N (t) are closed expressions in L. Since
the translation IV is surjective, every closed L;q.y-expression is in the image of N.
Thus for every closed Lj,,-expression r’ that is an abstraction or {2, there is some
L ceq-expression r, such that N(r) = r’. We have N(s) '] = N(¢) r'|, since
N(sr)=(N(s) N(r)), and since N is fully abstract. We can apply Proposition
and obtain N(s) <jq.y N(t). Now Theorem shows s <,,ced t.



Now we show that the co-inductive definition of an applicative simulation
results in a relation equivalent to contextual preorder. We show the following
helpful lemma;:

Lemma 6.2. For all closed expressions s and r and Lpeeq-WHNFs w:
(s M)w <= Fv:sloA(vr)lw.

Proof. In order to prove “=” let (s r)|w. There are two cases,

which can be verified by induction on the length k of a reduc-

tion sequence (3 r) ﬂ) w: (s 7") need, (()\x-sl) 7“) need,x

need, (Ax.s’), and the claim holds. The other case is
need,*

w, where s
(s ) Deedx, (letrec Fnv in ((Az.s’) 1))
(letrec Env in (Az.s’)). In this case ((letrec Env in (Az.s')) r

d .
(letrec Env in ((Az.s') r)) =25 w, and thus the claim is proven. The “«<”-
direction can be proven in a similar way using induction on the length of reduc-
tion sequences.

need,*
w, where s ——

) need,(lapp)
—_—

Definition 6.3. We define in Lpeeq a simulation <p neeq as follows:
Let s,t be closed expressions and n be a binary relation on closed expressions.
Then s N]need t holds iff s|,eeqv implies that t],,..qw, and for all closed letrec-
free abstractions r and forr=2: (v r)n (wr).

The relation <p peea @s defined to be the greatest firpoint of [-|neea within
binary relations on closed expressions. Its open extension is denoted with <p ...,

Proposition 6.4. In Lyc.q, for closed s,t the statement s <p peeq t is equivalent
to the following condition for s,t:

Vn >0, and for all r;;i =1,...,n that may be closed letrec-free abstractions or
2:(sr1 ) lpeed = E 71 .m) | peed-

Proof. Lemma makes Theorem (see Appendix applicable for the
tests ([-] ) where r is a closed letrec-free abstraction or (2.

Now we can prove that the simulation relation <j ,ceq is equivalent to the
contextual preorder on closed expressions:

Theorem 6.5. For closed expressions s,t: 8 <p peed t <= 5 <peed t-

Proof. Let <,ceq,0 the restriction of <, to closed expressions. It is easy
to verify that <,eeq0 C [<need,0lneea and thus for closed expressions s, t:
5 <need ' = 5 <pneed t- For the other direction let s <y peeq t. The cri-
terion in Proposition then implies that for all n > 0 : s 71 ... "y lneed
= t 7Ty ... n lneed, where r; are closed letrec-free abstractions or (2. Full-
abstraction of N o W (see Theorem implies that N(W(s 1 ... ) liazy
= NWI({t r1 ... ™)) ligzy- Since N and W translate applications into
applications, this also shows that N(W(s)) N(W(r1)) ... N(W(rn)) liazy
= N(W(@)) NW(r1)) ... N(W(rn)) liazy- Moreover, since every Lig,,-
abstractions is an N o W-image of a letrec-free abstraction, we also conclude that
N(W(s)) <b,lazy,3 N(W(t)). Now Theorem and full abstraction of N o W
finally show s <jceq t-



Using the characterization in Proposition [6.4] it is possible to prove non-
trivial equations, as shown in the example below.

Example 6.6. We consider two fixpoint combinators Y7 and Y3, where Y7 is
defined non-recursively, while Y5 uses recursion. The definitions are: Y; :=
M((Qz.f (z2))Aa.f (zx))), Ya:=letrec fir = Af.f (fix f) in fiz.

Using Proposition we can easily derive that Y7 K ~jeq Yo K where
K := Xa.(Ab.a). This follows since (Y7 K 71... 7,) converges for all n.
The obtained WHNF is equivalent (some letrec-bindings are garbage col-
lected, and some variable-to-variable chains are eliminated) to (letrec w =
(x ),k = (Aa.(Ab.a)),z = (M\y.(k(yy))) in duw.w). Normal-order reduction of
(Y2 K ry...ry,) also always converges, where the WHNF is equivalent to the ex-
pression (letrec w = (fix k), fir = (\f.(f(fix f))), k = (Aa.(Ab.a)) in (Au.w)).

Thus Y7 K ~,eeq Yo K and both expressions are greatest elements w.r.t. <, ceq.

For open expressions, we can lift the properties from L., which also follows
from full abstraction of N o W and from Lemma [3.10l

Lemma 6.7. Let s,t be any expressions, and let the free variables of s,t be in
{Z1,... 2} Then s <peedt <= AT1,...,T0n.8 <need AT1,- .., Tyt

The results above imply the following theorem:
Main Theorem 6.8 <,,..q = Sg,need.

The main theorem implies that our embedding of the call-by-need letrec
calculus into Abramsky’s lazy lambda calculus is isomorphic w.r.t. the corre-
sponding term models, i.e.:

Theorem 6.9. The identical embedding v : £y — Enecea leads to an isomor-
phism between the term-models: Let the preorder, the quotients modulo ~q,, and
~need, ond the lifting of v be marked with an overbar. Then T : €4y — Eneed 5
a bijection, and for all s1,82 € Ejazy : $1 <iazy S2 <= U($1) <need L(52).

7 The Call-by-Need Lambda Calculus of Ariola &
Felleisen

For the sake of completeness we show that our results are transferable to the
call-by-need lambda calculus with letrec of [AF97]. The syntax is identical to
the calculus Lyeeq, but the standard reduction strategy of [AF97] differs from
our normal order reduction. In particular [AF97] do not provide a standard
reduction strategy but an equational system from which we will derive a standard
reduction.

We will show that the normal order reduction and the standard reduction
corresponding to the equational system of [AF97] are interchangeable and thus
define the same notion of contextual equivalence. As a further result we show
that bisimilarity can also be based on the strategy according to [AF97] and
coincides with contextual equivalence.



We recall the standard reduction strategy of [AF97]. We will denote the
notions related to Ariola & Felleisen’s calculus with a prefix or mark “AF”,
if necessary. First we introduce AF-evaluation contexts Rap that play a role
similar to our reduction contexts:

Rar =[] | (Rar s) | Letrec Env in RaF | letrec Env,z = Rar in Rap[x]
| letrec &1 = Rap,22 = Rar[21],...%n = Rar[Tn-1], Env in Rap|x,)

In Figure the standard reductions (abbreviated as AF-reduction) of [AF9T,
Section 8] are shown where L is an L-context as introduced in Sect. and
Rap, Ry, R\ are Rap-contexts. The calculus of [AF97] uses the notion of
a black hole which represents a cyclic dependency of the form letrec x;
Rarlzn],xze = Rarlz1],...xn = Rap[z1]. In contrast to [AF97], we do not
consider a black hole to be an answer and therefore do not copy it in (deref)

rules. This reflects the authors’ intention, as shown by a similar copy restriction
in [AK94].

(Bneea) Rar[(Az.s) r] — Rar[(letrec z =r in s)]
(lift) Rar[(letrec Env in L[Az.s]) r] — Rar[letrec Env in (L[Az.s] r)]
(deref)  Rar,i[letrec Env,z = Ay.s in Rar,2[z]]

— Rarp,1[letrec Env,z = A\y.s in Rap2[\y.s]]

(derefeny) Rap[letrec x1 = A\y.s, 72 = Rarso[z1],...,Tn = Rarn|Tn-1], Env in R p[x,]]
— Rlyp[letrec x1 = \y.s,
T2 = Rar2[M\y.s],...,Tn = Rarn[Tn_1], Env in Rp[z,]]

(assoc)  Rar,i[letrec Envi,x = (letrec Envs in L[Az.s]) in Rapz2(z]]
— Rar,i[letrec Envi, Enva,x = L[Az.s] in Rap2(x]]
(assoCenv) Riyp[letrec x1 = (letrec Envs in L{Ax.s]),

T2 = Rarz[z1],. . Tn = Rarn[Tn_1], Envi in R p|x,]]
— Rlyp[letrec Envs,x1 = L{\z.s],
T2 = Rapz[z1],...,Tn = Rarn[tn_1], Envi in R p[z,]]

Fig. 3. Reduction rules defining AF,

AF-answers are terms of the form L[Az.s]. We write s ELR t, iff s is trans-

formed into t by one of the rules in Fig. |3 If s AFx ) where v an AF-answer,
then we write s o v or s | op, resp. if the answer v is not of interest. For the
corresponding contextual approximation and equivalence we use < p and ~ap
as symbols.

Compared to the reduction strategy in Ljeeq, the AF-reduction performs the
let-shiftings (lapp), (llet-in), (llet-e) as late as possible. A difference from Lceq
is that sometimes reduction steps must be performed in deeply nested lets. For
instance, in letrec x = (letrec y = Az.z in (Au.z)(Auw)) in z the Lpeeq
reduction will apply (llet-e) immediately, whereas AF will reduce (Au.z)(Auw)
first, and only then apply (assoc).



Theorem 7.1. lneed = lAF; Sneed = SAF and ~need — ~YAF-

Proof. The proof of the first claim can be found in appendix[E] Proposition [E.5
and the other claims follows easily from the first.

Definition 7.2 (AF-simulation). Let s,t be closed expressions and n be a bi-
nary relation on closed expressions. Then s [n)ar t holds iff sl ,pv implies that
tl gpw, where v and w are answers, and for all closed letrec-free abstractions
r and forr = £2: (v r) n (w r). The relation <y ap is defined to be the great-
est fixpoint of [|ar within the binary relations on closed expressions. Its open
extension is denoted with <p 4p.

It remains to show that <7 ., = <ap. As a first step we derive an alternative
characterization of <, sp.

Proposition 7.3. For closed 5,1 € Lyceq the relation s <, ar t is equivalent
to: ¥Yn >0, and for all r;;i =1,...,n that may be letrec-free abstractions or §2:

(sri.cc.rp)lap = (Er1...m0)lap-

Proof. For all closed expressions s,r it holds: (s r) |ar w —
JAF-answer v : s | ap v A (v r) | ap. This follows since AF-reduction first evalu-
ates the argument in function position of an application to an AF-answer before
the second argument is evaluated. Now Theorem shows the claim.

Proposition 7.4. < need = <p,aF

Proof. Since |peeq = | ar the previous proposition and Proposition [6.4] show the
claim.

From Theorem we already know that <j peeq is equivalent to <,eeq on
closed expressions. Thus <; 4 is identical to <;c.q on closed expressions. This
easily extends to the open extension of <; 4r. Thus we have:

Theorem 7.5. <;p = <p.AF

8 Conclusion

In this paper we show that co-inductive bisimulation, in the style of Howe, is
equivalent to contextual equivalence in a deterministic call-by-need calculus with
letrec (i.e. let with cyclic bindings). As a further work one may extend the proof
to a call-by-need letrec calculus with case, constructors, and seq, but not to non-
determinism, since counterexamples exist that show that contextual equivalence
cannot be characterized by the usual notion of bisimulation.
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A Characterizations of Similarity in Deterministic
Calculi

In this section we prove in a general way that for deterministic calculi (DC,
see Def. , the applicative similarity that is usually defined as the greatest
fixpoint of an operator on relations, is equivalent to the inductive definition
using Kleene’s fixpoint theorem. Moreover, we show that applicative similarity
can be equivalently defined as s <j t, iff for all n > 0 and closed expressions
r;, 4 = 1,...,n, the implication (s r1...r,)] = (¢t r1...7,)| holds, provided
the calculus is convergence-admissible, which means that for all : (s r)|v <=
I sl AW )] w.

Definition A.1. Let D = (£,C,—, W) be an untyped deterministic calculus and
let Q@ C C be a set of functions on expressions (i.e. VQ € Q: Q : E — &). Then
the Q-experiment operator [|g :: (€ X &) — (€ x £): is defined as follows

er[noes iffer L vi = (e2 [ v2a AVQ € Q: Q(v1) nQ(v2))
We define Q-similarity <; o as the greatest fized point of [-]o

In the following we implicitly assume (£,C, —,W) to be an untyped deter-
ministic calculus and @ C C be a set of functions on expressions.

Lemma A.2. For all expressions e1,ex € & the following holds: e; <p o ez if,
and only if ex | v1 = (e2 [ 12 AVQ € Q: Q(v1) <p,0 Q(v2)).

Proof. Since <, ¢ is a fixed point of [-]g, we have <;, g = [<p,0]o. This equation
is equivalent to the claim of the lemma.

Now we show that the operator [-]g is monotonous and lower-continuous,
and thus we can apply Kleene’s fixpoint theorem to derive an alternative char-
acterization of <; o.

Lemma A.3. The operator []g is monotonous w.r.t. set inclusion, i.e. for all
binary relations ny,me on expressions m C ne = [m] C [n2].

Proof. Let m1 C n9 and eq [m]g e2. The latter assumption implies that e; |
v = (e2 | 12 AVQ € Q: Q(v1)n1 Q(v2)) holds. From 7, C 1y we have e |
v = (e2 [ va AVQ € Q: Q(v1)m2 Q(v2)) . Thus, e [n2]g 2.

For infinite chains of sets Sy, 55 ..., we define the greatest lower bound w.r.t.

set-inclusion ordering as glb(S1,Ss,...) = () Si.
i=1

Proposition A.4. []|g is lower-continuous w.r.t. countably infinite descending
chains C =m 2 n2 D ..., i.e. gIb([C]g) = [glb(C)]g where [C|g is the infinite
descending chain [n1]g 2 [12]g 2 - . ..



Proof. “27: Since glb(C) = ﬁ 7i, we have for all i: glb(C) C ;. Applying
monotonicity of []g yields [gllz(é)]g C [m)g for all 4. This implies [glb(C)]o C
1 o ie. [#(O)]o € alb([Clo).

“C”: Let (e1,e2) € glb([Clg), i.e. for all i: (e1,e3) € [n:]g. Unfolding the
definition of [|g gives: Vi : e; | v1 = (e2 | v2 AVQ € Q: Q(v1) ;i Q(v2)).

Now we can move the universal quantifier for ¢ inside the formula: e; | v; =
(e2 L va AVQ € Q : Vi: Q(v1)n; Q(v2)). This is equivalent to e; | v7 = (e2 |

vag AVQ € Q Q(vl)(ﬁlm)Q(vg)) ore; | vy = (ea | 1 AVQ € Q :
(Q(11), Q(v2)) € glb(C)) and thus (e1, e2) € [glb(C)]o-
Definition A.5. Let <, g, fori € Ny be defined as follows:

<p00=ExE and <p;=[<p0,i-1]0,if 1 >0
oo
Theorem A.6. <, 0 = () <p0.
i=1

Proof. This follows by Kleene’s fixpoint theorem, since [-]g is monotonous and
lower-continuous, and since <p 0 ;41 € <p 0, for all i > 0.

Note that this representation of <; o allows inductive proofs to show simi-
larity.

A.1 ©O-Similarity for Convergence-Admissible DC

In this section we show that under certain conditions Q-similarity is identical to
<o which is defined below and can be interpreted as a observational preorder,
which uses the functions of Q as observers:

Definition A.7. Let (£,C,—, W) be an untyped deterministic calculus, and
Q C C. Then the relation <g is defined as follows:

e1 <g ey iff ¥n > 0,Q; € @: Qu(Q2(--- (Qn(er)))) | = Qu(Q2(--- (Qn(e2)))) |

Our characterization result will only apply if the underlying calculus is
convergence-admissible w.r.t. Q:

Definition A.8. An  untyped deterministic  calculus (£,C,—, W) s
convergence-admissible w.r.t. Q if, and only if VQ € Q,e € £ : Qe) |
v el VAQW) |V

We show some helpful properties of <g:

Lemma A.9. Let (£,C,—, W) be convergence-admissible w.r.t. Q. Then the
following holds:

—e1<ger = Qe1) <o Qles) forallQ € Q



—e1<geger v, andey |w = v<gw

Proof. The first part is easy to verify.

For the second part let e; <g e2, and e; | v, e2 | w hold. Assume that
Q1(-. . (Qn(v))) | v for some n > 0 where all Q; € Q. Convergence-admissibility
implies Q1(...(Qn(e1))) | v'. Now e; <g ey implies Q1(...(Qn(e2))) | w'
Finally, convergence-admissibility (applied multiple times) shows that es | w

and Q1(...(Qn(w))) | w holds.

We prove that <, ¢ respects functions ¢ € Q provided the underlying DC
is convergence-admissible w.r.t. Q:

Lemma A.10. Let (£,C,—, W) be convergence-admissible w.r.t. Q. Then for
aller,ea € E:e1 <p0ea = Qer1) <p,0 Qez) for all Q € Q

Proof. Let e1 <p g €2, Qo € Q, and Qo(e1) | v1. By convergence admissibility
e1 | v} holds and Qo(v}) | v1. Since e1 <p o eo this implies es | v5 and for all
Q€ 9 : Qv]) <po Qvy). Hence, from Qo(v]) | v1 we derive Qo(v5) | va. By
convergence admissibility this also implies Qq(ez2) | va.

It remains to show for all @ € Q: Q(v1) <p,0 Q(v2): Since Qp(v}) | vi and
Qo(u}) | 2, applying Lemma A2 to Qo(v}) <o Qo(v) implies Q(v1) <40
Q(v2) for all Q € Q.

We now prove that <g and Q-similarity coincide for convergence-admissible
DC:

Theorem A.11. Let (£,C,—, W) be convergence-admissible w.r.t. Q. Then
<g = <p,0 holds.

Proof. “C”: Let e; <g e3. We use Theorem @ and show e; < 0, ez for all
i. We use induction on 4. The base case (i = 0) obviously holds. Let ¢ > 0
and let e; | vi. Then e; <g eg implies ea | ve. Thus, it is sufficient to show
that Q(v1) <p,0,i—1 Q(v2) for all Q € Q: As induction hypothesis we use that
<g C <p,0,i—1 holds. Using Lemma twice and e; <o eq, we have
Q(v1) <g Q(v2). The induction hypothesis shows that Q(v1) <p,0,i—1 Q(v2).
“D”: Let e; <p 0 e2. By induction on the number n of observers we show
Vn,Q; € Q : Q1(...(Qnler))) | = Qi(...(Qnle2))) |. The base case fol-
lows from e; <p o e2. For the induction step we use the following induction
hypothesis: €] <0 €5 = Vj < n,Q; € Q : Q:1(...(Q;(€}))) | =
Q1(...(Qj(ey))) | for all €], e5. Let Q1(...(Qn(e1))) |. From Lemma we
have ef <p ¢ €, where e/ = Q,(e;). Now the induction hypothesis shows that

Q1(... (Qn-1(e))) | = Q1(...(Qn-1(€5))) | and thus Q1(...(Qn(e2))) |.

B The Lazy Lambda Calculus: Citations and Sketch of
Proofs

In this section we prove Theorem [3.8 by using the results of the appendix [A] and
the proved equivalences in [How89How96/Abr90]. For basic definitions and for
proofs of confluence of the unrestricted reduction see [Bar84].



Theorem B.1. In L, all the following relations are identical:

o =

10.

Slazy-

<0

—b,lazy "

The relation <jozy1, defined as: s <iazy1 t iff for all closing contexts C':
Clsll = C[Hl.

The relation <qzy 2, defined as: s <jqzy 2 t iff for all closed contexrts C' and
all closing substitutions: Clo(s)]] = Clo(t)]l.

The relation <ju.y3, defined as: s <yguy3 t iff for all multi-contexts
M[-,...,] and all substitutions: M[o(s),...,0(s)]l = Mlo(t),...,o(t)]l.
The relation <jguy.4, defined as: s <iqu 4 t iff for all contexts C[] and all
substitutions: Clo(s)]| = Clo()]].

The relation Sg’lmy’l where <y 1azy1 15 defined using the Kleene-construction:
Le. <piazy,1= ;>0 g;m., where gg,o 1s the full relation, and gg,m:: [g;m,
liazy for alli.

The relation <b.lazy.2 where <p lazy,2 15 defined as: s <piazy2 tiff for all

n > 0 and all closed expressionsr;, i =1,...,n:87r1...1,) = tri...rn].
The relation <b lazy.37 where <p jazy,3 @5 defined as: s <igny s tiff for all
n >0 and all 7,1 = 1,...,n, where r; may be a closed abstraction or (2:

§ST1...Tpl = tri...rpl.

The relation <y ;.. 1, where <p jqzy 4 1s the greatest fizpoint of the operator
[iazy,a2 00 closed expressions: for alln > 0 and all 7,5 = 1,...,n, where
r; may be a closed abstraction or (2: Then s [N)igzy.an t holds iff s|Ax.s’
implies t| A\x.t" and for all closed Liq.,-abstractions r and r = (2, the relation
s'[r/x] n t'[r/x] holds. The relation < jq.y 4 is defined as the greatest fizpoint
of the operator [-]iazy,an-

Proof. — <= (B): This was proved in [How89/How96].
- <= ({@): This was proved in [Abr90]. This also implies that (3) is

correct for ~y4,y 2 and by the previous item it also correct for ~jq.y 1 (where
Nlazyizﬁlazy,i N Zlazy,i)-

) <= : The “="-direction is obvious. For the other direction let
51 <yazy,1 S2 and let C' be a context such that FV(Cls1]) U FV(Clsq]) #

lazy,*

0 = {z1,...,2,} and let C[s1] |, ie. Clsq] Az.t;. Let C' =
lazy,
A1y, 2,.C) £2...0. Then s; lazy B, st = C[s][2/x1,...,2/xy,] for
n-times
1 = 1,2. Tt is easy to verify that the reduction for C[s1] can also be performed
lazy,*

for s}, since every reduction in the sequence C[s;] —— Az.t; cannot be
of the form R[z;] with R being a reduction context. Thus s; |. Since C’[s;]
must be closed for i = 1,2, the precondition implies C'[s2] | and also s} |.

1 . . . .
Wlog. let s Bt Ay.to. It is easy to verify that every term in this sequence
cannot be of the form R[f2] where R is a reduction context, since otherwise

the reduction would not terminate (since R[{?] Loyt R[f2]). This implies
that we can replace the 2-expression by the free variables, i.e. that C[ss3] |.
Note that this also shows by the previous items that (5) is correct for ~q.,.



— @ <— One direction is trivial. For the other direction let s <4, t
and let C' be a context, o be a substitution, such that Clo(s)] |. Let o =
{1 — $1,...@y,, — sp} and let C" = C[(Az1,...,2n.[]) 851 ... Sp]. Then

C'ls] LN Clo(s)]. Since (B)-reduction is correct for ~y,,,, we have C'[s] |.

Applying s <jq,y t yields C'[t] |. Since C'[t] LEN Clo(t)] and () is correct
for ~qzy, we have Clo(t)] |.

- ) = @: Obviously, s <jazy,3 t = 5 <iazy,a t. We show the other
direction by induction on n — the number of holes in M — that for all ex-
pressions s,t: s <jqzy 4 t implies M[o(s),...0(s)] | = M[o(t),...o(t)] |.
The base cases for n = 0,1 are obvious. For the induction step as-
sume that M has n > 1 holes. Let M’ = MJo(s),2,...,n] and M" =
Mlo(t),-2,...,n] Then obviously M'[o(s),...,0(s)] = Mlo(s),...,0(s)]
and thus M’'[o(s),...,0(s)] |. For C = M[1,0(s),...,0(s)] we have
Clo(s)] = M'[o(s),...,0(s)] and Clo(t)] = M"[o(s),...,0(s)] Since
Clo(s)] |, the relation s <y t implies that Cfo(t)] | and
thus M"[o(s),...,0(s)] |. Now the induction hypothesis shows that
M"[o(t),...,0(t)] |, since the number of holes of M" is strictly smaller than
n. Since M"[o(t),...,0(t)] = M[o(t),...,o(t)] we have M[o(t),...,o(t)] |.

- (@ <= ([@): This was proven in [Abr90] and also follows from Theo-
rem [A.6] since the lazy lambda calculus is a DC we can choose Q = {[-] ¢ |

t is a closed expression} and since (Az.s) t Lo, s[t/x].

- §) = : This follows for the relations on closed expressions by Theo-
rem since the DC for L;q,, described before is convergence admissible.
It also holds for the extensions to open expressions, since the construction
for the open extension is identical for both relations.

— @D — : This follows for the relations on closed expressions by Theo-
rem since the DC for Liq,, with Q = {[-] t | ¢ is an abstraction or 2} is
convergence admissible. It also holds for the extensions to open expressions,
since the construction for the open extension is identical for both relations.

— <= @: One direction is trivial. For the other direction let s Sg,lazy,?) t

and let o(s) r1 ... r, | for some closing substitution ¢ and closed ex-
pressions rq,...,7,. Since () is correct for ~y,,, for every expression
r; holds r; ~ja.y 7i where r] is either a closed abstraction or (2. Thus
(0(s) 71 ... Tn) ~igsy (o(s) ry ... 7,), which implies (o(s) r{ ... ) |.
Now s < ,,., 3 t shows (o(t) 1 ... ;) |. Applying contextual equivalence
again shows (o(t) 71 ... ™) |, le. s <p ... o . O

C Convergence Equivalence of NV

The proof of convergence equivalence of the translation N may be performed
directly, but it would be complicated due to the additional (3)-reductions re-
quired in Lj,,,. For this technical reason we provide a second translation N "
which requires a special treatment for the translation of contexts and uses a
substitution function o:



Definition C.1. The translation N’ :: Lygme — Ligzy for expressions is recur-
sively defined as:

N'(letrec x1 = $1,...,&y = S, in 1) = o(N'(r)) where

o={x1—~U,...¢, — U,}

U = (XX ... X0),
X/ =X ry...xn.Fi(zizr...xn) ... (Zp21 ... Ty),
Fi :/\xl,...,xn.N’(si).

— N'(s1 82) = (N'(s1) N'(s2))
— N'(Az.s) = Az.N'(s)
— N'(z) ==.

The extension of N’ to contexts requires that contexts are represented using
an additional substitution, i.e. a context translates into a pair (D, o) acting as
a function on expressions. Filling the hole of a context (D,o) by an expression
t is by definition (D,o)(t) = D[o(t)]. The translation is defined as

N'(C) = (C,0), if the hole of C is not inside the right hand side of any
letrec-binding. C' and o are calculated by applying N’
to C: for calculating C' the hole of C is treated as a
constant, and o is the substitution affecting the hole of
C’.

N'(C) = (N(C),0p), if the hole of C is inside the right hand side of some
letrec-binding, N(C) treats the hole as a constant and
op is the empty substitution

This translation guarantees that the hole of contexts is not duplicated by the
translation. Note that using the translation N’ for all contexts (without using
N) would lead to scoping problems when the context hole becomes a part of an
expression Uj;.

Lemma C.2. The translation N is equivalent to N' on expressions, i.e. for all
Lyame-expressions t the equivalence N (t) ~iqzy N'(t) holds.

Proof. This follows from the definitions and correctness of beta-reduction in
Li4zy by Theorem

Now we first prove that the translation N’ is convergence-equivalent. Due to
Lemma this will also imply that IV is convergence-equivalent. All reduction
contexts in Lyqme translate into reduction contexts in Lq,,, since removing the
case of letrec from the definition of a reduction context in L, 4me results in
the reduction context definition in L,,,. However, this can not be reversed,
since a letrecexpression applied to an expression is a (lapp) redex and does
not allow the marking algorithm to descend into the expression inside a letrec.
The lemma below gives a more precise characterization of this relation:



Lemma C.3. If C is a reduction context in Lpgme, then N'(C) = C'[o(")],
where C' is a reduction context in Ly, and o is a substitution.

If C is a reduction context in Ligs,, and N'(C") = (C, o) for some substitution
o and some context C' in Lygme, then C' is a W-context, which are defined as

W = LIW] | ADW] | [] (L- and A-contexts are defined as before in Sect.[3.9).

Proof. The first claim can be shown by structural induction on C. It holds,
since applications are translated into applications and letrec-expressions are
translated into substitutions.

The other part can be shown by induction on the number of translations
steps. It is easy to observe that the definition of a reduction context in L gme
does not descend into letrec-expressions below applications. For instance, in
((Letrec Env in ((Az.s) t)) r) the reduction contexts are || and ([-] ) and the
redex is (lapp), i.e. the reduction context does not reach ((Ax.s) t). In general,
applications in such cases appear in contexts of the form W, as defined in the
lemma. By examining the expression definition we observe that these (lapp)-
redexes are the only cases where non-reduction contexts may be translated into
reduction contexts.

We inspect how WHNFs and values of both calculi are related w.r.t.] N':

Lemma C.4. Let s be a Lypgme-expression. Then s is a WHNF in Lypgme iff
N'(s) is @ WHNF in Ligy.

Proof. If s = L[Az.t] then N'(s) = A\x.c(N'(t)) is a WHNF. For the other di-
rection we assume that N'(s) is an abstraction in Liazy. Then s cannot have a
beta redex or a (lapp) redex since both of these cases translate into an appli-
cation. To show that s cannot have a (cp)-redex, we consider the translation of
(L[letrec Env in R[z]]): N'(L[letrec Env in R[z]]) results in R'[oc(N'(x))]
where N’(L[letrec Env in R|) = (R',0), N'(z) = z, and ¢ maps = into an
application. R’ is a reduction context by Lemma and since o(N'(z)) is an
application, the expression N'(s) has a beta-redex in a reduction context.

As the last case we need to verify that if s is irreducible but not a L gme-
WHNF then N’(s) cannot be a WHNF. The only case needed to be inspected is
s = R[z] where x is a free variable, but then N'(s) = R'[z] where R’ is a Ljq,-
reduction context and z is free in N'(s), i.e. N'(s) is not a WHNF. Therefore it
cannot be the case that N'(s) is a WHNF when s is not.

In the remaining part of this section we use reduction diagrams to show that
N’ reflects and preserves convergence.

Transferring L, qm.-reductions into L,,,,-reductions
In this section we analyze how normal order reduction in L4, can be trans-
ferred into Ly, via N’. We illustrate this by using reduction diagrams. For
name .
§1 —— S we analyze how the reduction transfers to N’(s1). The cases are on
. name
the rule used in s —— s9:



— (B) Let s = R[(Azx.t)r] be an expression in Lygme, where R is a reduction
context. We observe that in Lyame: § s s' = R[t[r/z]]. Let N'(R[-]) =
(R’,0). Then the translations for s and s’ are as follows:

N'(s) = R'[o(N'((Az.t) )] = R'[(Az.o(N'(1))) o(N'(r))]
N'(s") = N'(R[t[r/z]]) = R'[o(N'(t[r/2]))] = R'[o(N'(£))[o(N'(r))/=]]

. . . . . laz
Since R’ is a reduction context in L4, this shows N'(s) 2,

we have the following diagram:

N'(s"). Thus

N’
—_ .

N #lazyﬁ

name,ﬁ¢

— (cp) Consider the (cp) reduction. Without loss of generality we assume that
P 1Y g Yy
x1 is the variable that gets substituted:
t = L[letrec 21 = $1,...,%, = Sp, in R[z1]] [amep,
t' = L[letrec 21 = $1,...,&n = Sp in R[s1]]

Let N'(L) = ([],o1), N'(letrec 1 = $1,...,2n = Sy in [}]) = ([], 0Bmw),
and N'(R) = (R',or) where R’ is a reduction context. Then

N'(t) = o(0pne (R [or(21)])) = 0L(0 B (R'))[0L(0Bne (0R(21)))]
= 0.(0BEmw (RI))[UL (0 Bnw (ml)))]

where the last step follows, since x; cannot be substituted by o, and

N'(t'") = or(0gm (R)[oL(0Em(N'(s1))))]

where it is again necessary to observe that og(s;) = s1 must hold. The con-

text R = o1,(0pn (R')) must be a reduction context, since R’ is a reduction

context. This means that we need to show that R”[or (0 (21)))] Loy,

R"[or,(0gny(N'(s1)))] holds.

By definition of the translation N’ (Definition or(0gmw(x1)) = Uy =
(X1X1...X]), where X] = Az1...2n. Fi(x121...2p) ... (®p21 ... Ty), and
F;=Xxq,...,xq.0L(N'(s;)), i.e., N'(t) = R"[Uq].

Performing the applications, we transform U; in 2n steps as

A1,y ap(Fr(zixy oo xy) oo (2 oo x)) X o X

Dr R (XX LX) L (XX LX)
= (A1, 2o (N (s1) (XIX) . X)) .. (XLX) ... X))
B,n

—— o (N'(s1))[U1/21, ..., Un/2n).

Obviously, for all reduction contexts in Lj,,, we have: s 2% ¢ implies
R[s] ™% R[t]. Hence N'(t) 22MP. Rilg, (N'(s1))[U1/21s ..., Un/2n]



holds. Since z1,...,x, cannot occur free in L, the last expression is the
same as R"[0L(0pny(N'(s1)))]. Thus the diagram is as follows:
N/
R S
name,cp¢ N ¢lazy,['3,2n

L SR
where n is the number of bindings in the letrec-subexpression where the
copied binding is.

— (lapp) The diagram for this case is:

Nl
A S
name,lapp\l,/
N/

This is because the argument in the (lapp) reduction does not depend on
the letrec environment:

name

R[(letrec Env in s) t] —— R[(letrec Env in (s t))]

Here free variables of ¢ do not depend on Env so the translation of

t does not change by adding Env. Le., for N'(R) = (R',or) and
N'(letrec Env in [-]) = ([-], 0gny) we have N'(R[(letrec Env in s)t]) =
Rlop(opn(N'(s))  N'(#)] = Rlor(opn(N'(s) N'()] =

N'(R[(letrec Env in (s t)]).

Transferring L,,,,-reductions into L, ,m.-reductions
We will now analyze how normal order reductions for N’(s) can be transferred

into normal order reductions for s in Lygme-

. l . .
Let s be an Ly qme expression and N'(s) %, §'. We split the argument into

three cases based on whether or not a normal order reduction is applicable to s:

— Ifs t', then we can use the already developed diagrams, since normal-
order reduction in both calculi is unique.

— s is irreducible and a WHNF. This case cannot happen, since then N'(s)
would also be a WHNF (see Lemma [C.4) and thus irreducible.

— s is irreducible but not a WHNF. Then s must be of the form R[z] where x is
a free variable in s. For the translation N'(s) this would result in R'[or(z)]
where N'(R) = (R',or), R is a reduction context in Ly,,,. Since og cannot
substitute = (z is free), we have N'(s) = R'[z] which is impossible, since

N'(s) is reducible by the assumption N’(s) o, o

(name)
_—

We summarize the diagrams in the following lemma:

Lemma C.5. Normal-order reductions in Lyome can be transferred into reduc-
tions in Liq,y, and vice versa, by the following diagrams:

N’ N’ N’
name,ﬂil N \Llazy,ﬁ name,cpil N \Llazy,ﬁ@n name,lapp¢/N/,

—_— —_—



Proposition C.6. N’ and N are convergence equivalent, i.e. for all Lygme-
GLIIpTCSSiOHS t: tlname — N/(t)llazy (tlname — N(t)llazgﬂ ’I"ESP.).

Proof. We first prove convergence equivalence of N’: Suppose t| Let
name,k

t ——— s where s is a WHNF. We show that there exists an Ljq,,-WHNF

s’ such that N'(t) lazyx, o by induction on k. The base case follows from
Lemma [C.4] The induction step follows by applying a diagram from Lemma [C.5]
and then using the induction hypothesis.

For the other direction we assume that N'(t)|,,,,, i.e. there exists a WHNF
s" € Ligzy s.t. N'(t) lazyk, g, By induction on k we show that there exists a
Lyame-WHNEF s such that ¢ LA, 5. The base case is covered by Lemma
The induction step uses the diagrams. Here it is necessary to observe that the
(lapp)-diagram cannot be applied infinitely often without being interleaved with
other reductions. This is obvious, since there are no infinite sequences of (lapp)-
reductions.

It remains to show convergence equivalence of N: Let 5|, then N'(s) |4,
since N’ is convergence equivalent. Lemma implies N'(s) ~iq2y N(s) and
thus N(s)|,,, must hold. For the other direction Lemma shows that
N(s)!}4s, implies N'(s)|,,,,- Using convergence equivalence of N yields s|

name-*

name-*

D Correctness of Reduction Rules in L,

A program transformation 7 is a binary relation on expressions. A transforma-
tion T is called correct, if it is included in the contextual equality, i.e. T C ~.
Note that a correct program transformation can be applied in any context since
contextual equivalence is a congruence. In this section we show that all calculus
reductions of L,..q preserve contextual equivalence.

Proposition D.1. The transformation (lbeta), (llet-in), and (lapp) are correct
program transformations for Lyeeq -

Proof. Let s,t be closed L, cq-expressions such that s 2, ¢ where a is a (Ibeta),
(llet-in), or (lapp) reduction. Recall that <p nceq is defined in Definition
We show that S := ({(s,t),(t,8)} U <pneed) < <bneed: by proving that S
is [ |neea-dense, i.e. S C [S]peed- For (s1,t1) € <p peed Obviously the following
holds: (s1,%1) € [S]need, since <p neeq is the greatest fixpoint of [ |peeq. Let
s 5 t,and S |neeq v. Since s — ¢ is the first step of the unique normal order
reduction of s, we have t |,,..q v. Let 7 be a closed abstraction or {2. Obviously
(vr),(vr)) € <pneea € S. Now assume that ¢ | ,ecq v. Since s 2, tis a normal
order reduction, we can reason as before and thus have S is [ ],ceqa-dense. This
shows s <p peed t and t <p peeq S. Since s,t were chosen arbitrarily this extends
to open terms in the usual way, and thus we have that (lbeta), (llet-in) and
(lapp) are correct program transformations.



Note that we cannot reason in the same way for (llet-e), (¢cp-in), and (cp-e),
since they are not necessarily normal order reductions of L, even if they are
applied in the empty context. E.g. the transformation letrec x = (letrec y =
Aw.w in y) in((Auw.w) ) — letrec x = y,y = dw.w in((Au.u) z) is a (llet-e)-
transformation, but not a normal order reduction.

Proposition D.2. The transformation (llet-e) is a correct program transforma-
tion.

Proof. Let s,t be closed Lecq-expressions such that s Hetze, 4 We use Propo-

sition [6.4] to show that s ~jp neea t holds. First we show s <pneea t: With

i llet— . . . .
LHEI7C, We denote internal (llet-e)-reductions, i.e. (llet-e)-reductions that are

not normal order. Let r;, ¢ = 1,...,n, n > 0 be closed abstractions or {2. Let
=571 ... T lneed- If s’ is a WHNF, then ¢’ =t r; ... r, must be a WHNF,
too. Now assume that s’ is not a WHNF. We split the proof into two cases:

— n =0 Then a case analysis shows that the following diagrams always holds
(where the normal order reduction cannot be a (lapp)-reduction):

illet—e
_—

needil \Lneed
Vn,llet—e
— n > 0: Then the following diagram holds:

i,llet—e
_—

need,lappl/ \Lneed,lapp

Sg ——1
iVn,lletfeO

Now we can perform an induction on the length of the reduction sequences

d,* . .
s 200 1) where v is a WHNTF, to show that ¢’ | ,ecq: The base case is already

covered. For the other cases we apply the overlapping diagrams to construct a
successful normal order reduction sequence for ¢'. Either the bottom reduction

. . . gllet—e
in the diagram is
n,llet—e

and we can use the induction hypothesis, or it is a

-reduction, and the reduction sequences are joined.

Now we show t <p peeq 50 Let t/ =t 71 ... 7y |neea Where r; are closed
abstractions or £2. If t’ is a WHNF, then s’ = s r; ... 7, must be a WHNF, too.
If s — ¢ is a normal order reduction, then the claim follows. For the other cases
we can construct a successful reduction sequence for s’ where the overlappings
are as before.

After extending this argument to open expressions in the obvious manner
the claim follows.

Proposition D.3. The transformations (cp-in) and (cp-e) are correct.



Proof. This has been proved in [SS07] for a more general rule, which allows to
copy arbitrary expressions.

We summarize that all calculus reductions of L,..q are correct:

Theorem D.4. The reduction rules (lbeta), (cp-in), (cp-¢), (llet-e), (llet-in),
and (lapp) are correct program transformations in Lyeed.

E The Call-by-Need Lambda Calculus of Ariola &
Felleisen

In this section we analyze the call-by-need lambda calculus with letrec of [AF97].
We first prove that AF-convergence and L,.q-convergence coincide. It is easy
to verify that AF-answers reduce to Lyeeq- WHNFS:

need,llet—in,*

Lemma E.1. If s is an AF-answer, then s s" where s' is a Lyeed-

WHNEF.
AF
Lemma E.2. If s —— t, then s ~peeq t

Proof. This follows from Theorem since all AF-reductions are also correct
program transformations in L,e.g which is shown by the following table:

AF-reduction|need-transformation (usual non-standard)
Breed (1beta)

(lift) (lapp)

(deref) (cp-in)

(derefeny) (cp-e)

(assoc) (Llet-e)

(ass0Ceny) (Llet-e)

Proposition E.3. s |ar = S |need

Proof. Let sg | ar,i.e. sg AF, s1 AR AR, Sn, where s,, is an AF-answer. We
use induction on n. If n = 0, then Lemma[E.T]shows the claim. For the induction
step we assume as induction hypothesis, that s1 |,eeq holds. Since every AF-
reduction preserves contextual equivalence in Ljeeq, we have sg ~peeq S1 and
thus sg | neeq must hold.

Lemma E.4. Let s eed, tandt | ap. Then s | ar holds.

AF, . . .
Proof. Let s need, y 287, 4 where v is an AF-answer and n > 0. By induction

on n we show that s | sp. For the base case t is AF-answer. By inspecting all
L eeq-reduction one can verify, that either s must be also be an AF-answer, or

. . AF,n—
s AF, t. Thus we have s | 4r. For the induction step let ¢ AF, t Abnol, v



We need to consider overlappings of AF- and normal order reductions of the
following form:

need

S —>1t
VAF
t/

If the reduction s 2% ¢ is also an AF-reduction then we are finished since then

obviously s | or. Hence we only treat the other cases where we use as induction

hypothesis that for all r with r need, 1 we have r lar.

d,lb nee ..
— g Ll Then s 27 ¢ and thus the case trivially holds.

d,l . . .
— ¢ PP 4 Suppose that this reduction is not an AF-reduction. Then

s = A[((letrec Env in ry) r2)] and t = A[letrec Env in (r1 72)]. An
AF-reduction may modify the term t inside Env, inside r; or for a copy-
operation the letrec-expression with the target in EFnv or r1. Nevertheless
the same reduction is applicable to s, i.e. the terms can be joined as follows:

need,lapp
S —> ¢

AF\L VAF

g ——>=¢
need,lapp

The induction hypothesis shows s’ | o and thus s | 4p.

need,llet—in need,llet—e .. .
— §—————tor s ———t. Suppose that this is not an AF-reduction.

Then again the AF-reduction for ¢ can also be performed for s such that
there results are related by a normal order llet-reduction. Note that it may
happen that a deref or a assoc reduction for ¢ is a derefen, Or a assoCen,

reduction for s.

need,llet
S —> 1t
|
AFy VAF
(Y]
§ need,llett

Again the induction hypothesis shows s’ | 4 and thus s | 45.

d Lo .
— s 2%, ¢ If an abstraction is copied, then s AF by a (deref) or

(dere feny) reduction. Thus this case is straightforward. If a variable is copied,
then this reduction cannot be an AF-reduction. Since the AF strategy fol-
lows variable-to-variable chains, every AF-reduction performed for ¢ can also

be performed for s. In this case both terms result in the same expression.
need,cp
t =

. AF .
letrec v = \z.r,y =z in z, t — t' = letrec x = Az.r,y = = in Az.r,

For instance, let s = letrec © = Az.r,y = = in y. Then s

AF . . .
and s — t’. In summary this gives two situations:

need,cp need,cp
S

v VAF S VAF
\ AF N
Y t/

need,cp




For the first diagram we apply the induction hypothesis to s’ and then derive
s L ar. The second case is obvious.

Proposition E.5. s | ,ced = S laF.

d . . .
Proof. Let s LB, v where v is a WHNF and n > 0. We use induction on n
to show s | 4r. For the base case s is an L,,q.q-WHNF. Then s is an AF-answer,

. . . d,n—1
too, i.e. s | ap. For the induction step let s need y needn

v. As induction

. . . . AF,
hypothesis we use t | 4, i.e. there exists a reduction sequence ¢ Z0™, w, where
w is an AF answer and m > 0. L.e. this can be depicted as follows:

need need,n—1
s t
\LAF,m
w

AFm
—— w and have s | sp.

Now we can apply Lemma to s 2, 4
Theorem E.6. Sneed = SAF and ~need — ~YAF-

Proof. This follows since Lyceq-convergence and AF-convergence are equivalent
predicates.
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