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Abstract

We report the measurements of correlations between event-by-event fluctuations of amplitudes of
anisotropic flow harmonics in nucleus–nucleus collisions,obtained for the first time using a new
analysis method based on multiparticle cumulants in mixed harmonics. This novel method is robust
against systematic biases originating from non-flow effects and by construction any dependence on
symmetry planes is eliminated. We demonstrate that correlations of flow harmonics exhibit a better
sensitivity to medium properties than the individual flow harmonics. The new measurements are
performed in Pb–Pb collisions at the centre-of-mass energyper nucleon pair of

√
sNN = 2.76 TeV by

the ALICE experiment at the Large Hadron Collider (LHC). Thecentrality dependence of correla-
tion between event-by-event fluctuations of the elliptic,v2, and quadrangular,v4, flow harmonics, as
well as of anti-correlation betweenv2 and triangular,v3, flow harmonics are presented. The results
cover two different regimes of the initial state configurations: geometry-dominated (in mid-central
collisions) and fluctuation-dominated (in the most centralcollisions). Comparisons are made to pre-
dictions from MC-Glauber, viscous hydrodynamics, AMPT andHIJING models. Together with the
existing measurements of individual flow harmonics the presented results provide further constraints
on initial conditions and the transport properties of the system produced in heavy-ion collisions.
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The properties of an extreme state of matter, the Quark-Gluon Plasma (QGP), are studied by collid-
ing heavy ions at BNL’s Relativistic Heavy Ion Collider (RHIC) and at CERN’s Large Hadron Col-
lider (LHC). One of the most widely utilized physical phenomena in the exploration of QGP properties
is collective anisotropic flow [1, 2]. The large elliptic flowdiscovered at RHIC energies [3], which at
the LHC energy of 2.76 TeV is 30% larger [4] and recently reported in [5] to increase even further at
5.02 TeV, demonstrated that the QGP behaves like a strongly coupled liquid with a very small ratio of
the shear viscosity to entropy density(η/s), which is close to a universal lower bound of 1/4π [6].

Anisotropic flow is traditionally quantified with harmonicsvn and corresponding symmetry plane angles
ψn in the Fourier series decomposition of particle azimuthal distribution (parameterized with azimuthal
angleϕ) in the plane transverse to the beam direction [7]:

dN
dϕ

∝ 1+2
∞

∑
n=1

vncos[n(ϕ −ψn)] . (1)

The shape of the intersecting zone of two identical heavy ions in non-central collisions is approximately
ellipsoidal. This initial anisotropy is transferred via interactions among constituents and the pressure
gradients developed in the QGP medium to an observable final-state anisotropic emission of particles
with respect to the symmetry plane(s) of the intersecting zone. The resulting anisotropic flow for such
an idealized ellipsoidal geometry is determined solely by even Fourier harmonicsv2n, and only one
symmetry plane (the reaction plane spanned by the impact parameter vector and the beam axis) exists.
Recently the importance of flow fluctuations and related additional observables have been identified. This
has led to new concepts such as: non-vanishing odd harmonicsv2n−1 at midrapidity [8], non-identical
symmetry plane anglesψn and their inter-correlations [9–14], stochastic nature ofharmonicvn and its
probability density functionP(vn) [15–20], and, finally, the importance of higher order flow moments
〈

vk
n

〉

(where the angular brackets denote an average over all events, andk≥ 2) [21]. Two distinct regimes
for anisotropic flow development are nowadays scrutinized separately: geometry-dominated (in mid-
central collisions) and fluctuation-dominated (in the mostcentral collisions) [11].

Anisotropic flow is generated by the initial anisotropic geometry and its fluctuations coupled with an
expansion of the produced medium. The initial coordinate space anisotropy can be quantified in terms
of eccentricity coefficientsεn and corresponding symmetry plane anglesΦn [8, 15, 22]. A great deal
of effort is being invested to understand the relations between momentum space Fourier harmonicsvn

and symmetry planesψn on one side, and their spatial counterparts,εn andΦn, on the other side. These
relations describe the response of the produced system to the initial coordinate space anisotropies, and
therefore provide a rich repository of constraints for the system properties. In the early studies it was
regularly assumed that, for small eccentricities, the harmonicsvn respond linearly to the eccentricities
εn of the same order,vn ∝ εn, and thatψn ≃ Φn [8, 10, 23]. However, for sizable eccentricities recent
studies argue that the anisotropies in momentum and coordinate space are related instead with the matrix
equation connecting a set of anisotropic flow harmonics{vn} and a set of eccentricity coefficients{εn};
it was demonstrated that the response matrix between two sets is both non-diagonal and non-linear, and
that in generalψn 6= Φn [9, 11, 24, 25]. The first realization led to the conclusion that a relationship
between event-by-event fluctuations of amplitudes of two different flow harmonicsvm andvn can exist.
This is hardly surprising for even flow harmonics in non-central collisions because the ellipsoidal shape
generates non-vanishing values for all even harmonicsv2n [26], not only for elliptic flow. However, this
simple geometrical argument cannot explain the possible relation between even and odd flow harmonics
in non-central collisions, and the argument is not applicable in the central collisions, where all initial
shapes are equally probable since they originate solely from fluctuations. Recently a linear correlation
coefficientc(a,b) was defined in this context, which becomes 1 (-1) if observablesa andb are fully lin-
early (antilinearly) correlated and zero in the absence of correlation [24]. Model calculations of this new
observable showed that neitherv2 andv3 nor v3 andv4 are linearly correlated in non-central collisions.
Most importantly, it was demonstrated thatc(v2,v4) depends strongly both on theη/sof the QGP and on
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the value ofc(ε2,ε4), which quantifies the relationship between corresponding eccentricities in the initial
state [24]. Therefore it was concluded that new observablesc(vn,vm), depending on the choice of flow
harmonicsvn andvm, are sensitive both to the fluctuations of the initial conditions and to the transport
properties of the QGP, with the potential to discriminate between the two respective contributions when
combined with a measurement of individual flow harmonics [24].

In this Letter we study the relationship between event-by-event fluctuations of magnitudes of two differ-
ent flow harmonics of ordern andmby using a recently proposed 4-particle observable [27]

〈〈cos(mϕ1+nϕ2−mϕ3−nϕ4)〉〉c = 〈〈cos(mϕ1+nϕ2−mϕ3−nϕ4)〉〉
− 〈〈cos[m(ϕ1−ϕ2)]〉〉〈〈cos[n(ϕ1−ϕ2)]〉〉

=
〈

v2
mv2

n

〉

−
〈

v2
m

〉〈

v2
n

〉

, (2)

with the conditionm 6= n for two positive integersmandn. We refer to these new observables asSymmet-
ric 2-harmonic 4-particle Cumulant, and use notation SC(m,n), or just SC. The double angular brackets
indicate that the averaging procedure has been performed intwo steps — first over all distinct particle
quadruplets in an event, and then in the second step the single-event averages were weighted with ‘num-
ber of combinations’. The latter for single-event average 4-particle correlations is mathematically equiv-
alent to a unit weight for each individual quadruplet when the multiplicity differs event-by-event [28]. In
both 2-particle correlators above all distinct particle pairs are considered in each case. The four-particle
cumulant in Eq. (2) is less sensitive to non-flow correlations than any 2- or 4-particle correlator on the
right-hand side taken individually [29]. It is zero in the absence of flow fluctuations, or if the magnitudes
of harmonicsvm andvn are uncorrelated [27]. It is also unaffected by relationship between symmetry
plane anglesψm andψn. The four-particle cumulant in Eq. (2) is proportional to the linear correlation
coefficientc(a,b) introduced in [24] and discussed above, witha= v2

m andb= v2
n. Experimentally it is

more reliable to measure the higher order moments of flow harmonicsvk
n (k ≥ 2) with 2- and multipar-

ticle correlation techniques [29–31], than to measure the first momentsvn with the event plane method,
due to systematic uncertainties involved in the event-by-event estimation of symmetry planes [32, 33].
Therefore, we have used the new multiparticle observable inEq. (2) as meant to be the least biased mea-
sure of the correlation between event-by-event fluctuations of magnitudes of two different harmonicsvm

andvn [27].

The 2- and 4-particle correlations in Eq. (2) were evaluatedin terms ofQ-vectors [30]. TheQ-vector
(or flow vector) in harmonicn for a set ofM particles, where throughout this paperM is multiplicity
of an event, is defined asQn ≡ ∑M

k=1 einϕk [7, 34]. We have used for a single-event average 2-particle
correlation,〈cos(n(ϕ1−ϕ2))〉, the following definition and analytic result in terms ofQ-vectors:

1
(M

2

)

2!

M

∑
i, j=1
(i 6= j)

ein(ϕi−ϕ j ) =
1

(M
2

)

2!

[

|Qn|2−M
]

. (3)

For 4-particle correlation,〈cos(mϕ1+nϕ2−mϕ3−nϕ4)〉, we used:

1
(M

4

)

4!

M

∑
i, j,k,l=1
(i 6= j 6=k6=l)

ei(mϕi+nϕ j−mϕk−nϕl ) =

1
(M

4

)

4!

[

|Qm|2 |Qn|2−2Re [Qm+nQ
∗
mQ∗

n]−2Re
[

QmQ∗
m−nQ

∗
n

]

+|Qm+n|2+|Qm−n|2−(M−4)(|Qm|2+|Qn|2)+M(M−6)
]

. (4)

In order to obtain the all-event average correlations, denoted by〈〈· · · 〉〉 in Eq. (2), we have weighted
single-event expressions in Eqs. (3) and (4) with weightsM(M−1) andM(M−1)(M−2)(M−3), respec-
tively [28].

3



Correlated event-by-event fluctuations of flow harmonics... ALICE Collaboration

The dataset used in this analysis was obtained with the ALICEdetector [35, 36]. It consists of minimum-
bias Pb–Pb collisions recorded during 2010 LHC Pb–Pb run at

√
sNN = 2.76 TeV. With the default event

and track selection criteria described below, we have obtained in total about 1.8× 105 events per 1%
centrality bin width.

The centrality was determined with the V0 detector [37, 38].The resolution of centrality determina-
tion with the V0 is about 0.5% centrality bin width in the mostcentral collisions, and is still better
than 2% centrality bin width for peripheral collisions [39]. As a part of systematic checks central-
ity was determined independently with the Time Projection Chamber (TPC) [40] and the Silicon Pixel
Detector (SPD) [41, 42], which have slightly worse resolution [39]. A systematic difference of up to
3% was observed in SC(m,n) results when using different centrality estimations. Charged particles
were reconstructed with the TPC and the Inner Tracking System (ITS) [41, 42] immersed in a 0.5 T
solenoidal field. The TPC is capable of detecting charged particles in the transverse momentum range
0.1<pT< 100 GeV/c, with a pT resolution of less than 6% for tracks below 20 GeV/c. Due to TPC dead
zones between neighboring sectors, the track finding efficiency saturates at about 85% forpT > 1 GeV/c
in Pb–Pb collisions. The TPC covers full azimuth and has a pseudorapidity coverage of|η | < 0.9. The
ITS improves the transverse momentum and angular resolution of particles reconstructed by the TPC.
Tracks reconstructed using the TPC and ITS are referred to asglobal, while tracks reconstructed only
with the TPC are referred to asTPC-only.

For online triggering, the V0 and SPD detectors were used [36]. The reconstructed primary vertex is
required to lie within± 10 cm of the nominal interaction point in the longitudinal direction along the
beam axis. The cut on the position of the primary vertex alongthe beam axis was varied from±12 cm
to±6 cm, the resulting SC measurements are consistent with those obtained with the default cut.

The main analysis was performed with global tracks selectedin the transverse momentum interval 0.2<
pT<5.0 GeV/c and pseudorapidity region|η |<0.8. With this choice of lowpT cut-off we are reducing
event-by-event biases from smaller reconstruction efficiency at lowerpT, while the highpT cut-off was
introduced to reduce the contribution to the anisotropies from jets. Reconstructed tracks were required
to have at least 70 TPC space points (out of a maximum of 159). Only tracks with a transverse distance
of closest approach (DCA) to the primary vertex less than 3 mm, both in longitudinal and transverse
direction, are accepted to reduce the contamination from secondary tracks (for instance the charged
particles produced in the detector material, particles from weak decays, etc.). Tracks with kinks (the
tracks that appear to change direction due to multiple scattering,K± decays) were rejected.

An independent analysis was performed with TPC-only and hybrid tracks (see below). In the analysis
with TPC-only tracks, the DCA cut was relaxed to 3 cm both in the longitudinal and transverse directions,
providing different sensitivity to contamination from secondary tracks. Both the azimuthal acceptance
and the reconstruction efficiency as a function of transverse momentum differ between TPC-only and
global tracks. The resulting difference between independent analyses with global and TPC-only tracks
was found to be 1–5% in all the centrality ranges studied, both for SC(3,2) and SC(4,2). In another
independent analysis with hybrid tracks, three different types of tracks were combined, in order to over-
come the non-uniform azimuthal acceptance due to dead zonesin SPD, and to achieve the best transverse
momentum resolution [36]. In this analysis the DCA cut was set to 3.2 cm in the longitudinal and to 2.4
cm in the transverse direction. The results between global and hybrid tracks differ by 3 to 5%, depending
on the observable considered.

One of the largest contributions to the systematic uncertainty originates from the non-uniform recon-
struction efficiency as a function of transverse momentum. For the observables SC(3,2) and SC(4,2)
the uncertainty is 7% and 8%, respectively. In order to correct the measurements of these azimuthal
correlators for various detector inefficiencies, we have constructed particle weights as a function of az-
imuthal angleϕ and transverse momentumpT, and used the prescription outlined in [27]. In particular,
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pT-weights were constructed as a ratio of transverse momentumdistribution obtained from Monte Carlo
generated tracks and from tracks reconstructed after they have passed through the detector simulated
with GEANT3 [43].

We have used four Monte Carlo models in this paper. The HIJINGmodel [44, 45] was utilized to ob-
tain thepT-weights [27] which were used to estimate systematic bias due to non-uniform reconstruction
efficiency. Secondly, the HIJING model was used to estimate the strength of non-flow correlations (typ-
ically few-particle correlations insensitive to the collision geometry). We have evaluated the observables
of interest in coordinate space by modeling the initial conditions with a MC-Glauber model [46]. We
have compared the centrality dependence of our observableswith theoretical model from [47], where the
initial energy density profiles are calculated using a next-to-leading order perturbative-QCD+saturation
model [48, 49]. The subsequent spacetime evolution is described by relativistic dissipative fluid dy-
namics with different parametrizations for the temperature dependence of the shear viscosity to entropy
density ratioη/s(T). Each of theη/s(T) parametrizations is adjusted to reproduce the measuredvn

from central to mid-peripheral collisions. Finally, we provide an independent estimate of the centrality
dependence of our observables by utilizing the AMPT model [50].

The centrality dependence of SC(4,2) (red squares) and SC(3,2) (blue circles) are presented in Fig. 1.
Positive values of SC(4,2) are observed for all centralities. This suggests a correlation between the event-
by-event fluctuations ofv2 andv4, which indicates that findingv2 larger than〈v2〉 in an event enhances
the probability of findingv4 larger than〈v4〉 in that event. On the other hand, the negative results of
SC(3,2) show the anti-correlation betweenv2 andv3 magnitudes, which further imply that findingv2

larger than〈v2〉 enhances the probability of findingv3 smaller than〈v3〉. We have calculated the SC

Centrality percentile
0 10 20 30 40 50 60 70

S
C

(m
,n

)

2−

1−

0

1

2

3

6−10×

 = 2.76 TeVNNsALICE Pb-Pb 

SC(4,2)

SC(3,2)

HIJING

SC(4,2)

SC(3,2)

Fig. 1: Centrality dependence of observables SC(4,2) (red filled squares) and SC(3,2) (blue filled circles) in Pb–
Pb collisions at 2.76 TeV. Systematical errors are represented with boxes. Results for HIJING model are shown
with hollow markers.

observables using HIJING which does not include anisotropic collectivity but e.g. azimuthal correlations
due to jet production [44, 45]. It is found that in HIJING both〈〈cos(mϕ1+nϕ2−mϕ3−nϕ4)〉〉 and
〈〈cos[m(ϕ1−ϕ2)]〉〉〈〈cos[n(ϕ1−ϕ2)]〉〉 are non-zero. However, the calculation of SC observables from
HIJING are compatible with zero for all centralities, whichsuggests that the SC measurements are nearly
insensitive to non-flow correlations. We have also performed a study using the like-sign technique,
which is another powerful approach to estimate the non-flow effects [4]. It was found that the difference
between correlations for like-sign and all charged combinations are within 10%. This further illustrates
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the fact that non-zero values of SC measurements cannot be explained by non-flow effects.

A study based on the AMPT model showed that the observed (anti-)correlations are also sensitive to the
transport properties, e.g. the partonic and hadronic interactions [20, 27]. Fig. 2 shows the comparison of
SC(3,2) and SC(4,2) to the AMPT calculations which generally predict the correct sign but underesti-
mate their magnitude. The comparison between experimentaldata and the theoretical calculations [47],
which incorporate both the initial conditions and system evolution, is shown in Fig. 2 (top). The model
captures qualitatively the centrality dependence, but notquantitatively. Most notably, there is no sin-
gle centrality for which a givenη/s(T) parameterization describes simultaneously both SC(4,2) and
SC(3,2). On the other hand, the same theoretical model captures quantitatively the centrality depen-
dence of individualv2, v3 andv4 harmonics with a precision better than 10% in central and mid-central
collisions [47]. We therefore conclude that individual flowharmonicsvn and new SC(m,n) observables
together provide a better handle on the initial conditions andη/s(T) than each of them alone. This is fur-
ther emphasized in Fig. 2 (middle), where SC(3,2) and SC(4,2) observables were divided with the prod-
ucts

〈

v2
3

〉〈

v2
2

〉

and
〈

v2
4

〉〈

v2
2

〉

, respectively, in order to obtain the normalized SC observables (the result
for 60–70% is omitted due to large statistical uncertainty). These products were obtained with 2-particle
correlations and using a pseudorapidity gap of|∆η |> 1.0 to suppress biases from few-particle non-flow
correlations. We have found that the normalized SC(4,2) observable exhibits much better sensitivity to
different η/s(T) parameterizations than the normalized SC(3,2) observable, see Fig. 2 (middle), and
than the individual flow harmonics [47]. These findings indicate that the normalized SC(3,2) observable
is sensitive mainly to the initial conditions, while the normalized SC(4,2) observable is sensitive to both
the initial conditions and the system properties, which is consistent with the prediction from [24].

It can be seen in Fig. 1 that SC(4,2) and SC(3,2) increase non-linearly up to centrality 60%. In
Fig. 2 (bottom) we therefore investigate to what extent thisnon-trivial trend can be captured solely by
correlations of the corresponding eccentricities in the initial state. Assuming only linear responsevn ∝ εn,
we expect that the normalized SC(m,n) evaluated in coordinate space can capture the measurement of
centrality dependence of normalized SC(m,n) in the momentum space. The correlations between the
nth andmth order harmonics were estimated with calculations of(

〈

ε2
nε2

m

〉

−
〈

ε2
n

〉〈

ε2
m

〉

)/
〈

ε2
n

〉〈

ε2
m

〉

, i.e.
a normalized SC observable in the coordinate space, which wedenote SC(m,n)ε/

〈

ε2
n

〉〈

ε2
m

〉

. Here the
εn (or εm) is thenth (or mth) order coordinate space anisotropy, following the definition in [8]. Different
scenarios of the MC-Glauber model, named wounded nucleon (WN) and binary collisions (BC) weights,
have been used. An increasing trend from central to peripheral collisions with different sign has been
observed in Fig. 2 (bottom) for SC(4,2) and SC(3,2). A dramatic deviation of SC(4,2) between data
and model calculation is observed for non-central collisions. This deviation increases from mid-central
to peripheral, which could be understood as the contribution of the non-linear response (ε2 contributes
to v4) increasing as a function of centrality, which is consistent with that reported in [51]. Since the nor-
malized SC(3,2) appears to be sensitive only to initial conditions and not toη/s(T), see Fig. 2 (middle),
MC-Glauber model consistently captures better its centrality dependence than for normalized SC(4,2)
observable, see Fig. 2 (bottom).

The relationship between the flow harmonicsv2, v3, v4 have also been investigated by the ATLAS Col-
laboration using the ESE technique [51–53]. Within a centrality bin, events are subdivided with respect
to the magnitude of theirv2. For events with a largerv2, the ATLAS Collaboration showed these have
a smaller than averagev3, and a larger than averagev4. For events with a smallerv2, the opposite trend
occurred. These observations are consistent with the patterns observed via the SC measurements pre-
sented in this Letter. The SC observables, however, providea compact quantitative measure of these
correlations, without fitting correlations betweenvn andvm. This simplify the quantitative comparison
of the SC observables with hydrodynamical calculations as shown in Fig. 2.

In the most central collisions the anisotropies originate mainly from fluctuations, i.e. the initial ellipsoidal
geometry characteristic for mid-central collisions playslittle role in this regime. Therefore we have per-
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Fig. 2: AMPT model predictions are shown as hollow symbols in the (top) and (middle) panels. (top) Comparison
of observables SC(4,2) (red filled squares) and SC(3,2) (blue filled circles) to theoretical model from [47]. Solid
lines indicate the predictions with constantη/s, while the dashed lines indicate predictions for differentparam-
eterizations ofη/s temperature dependence (labeled in the same way as in Fig. 1 in [47]). (middle) The results
from top panel have been rescaled with
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〉

. (bottom) Comparison to MC-Glauber using wounded nucleon
(WN) and binary collisions (BC) weights.
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formed a separate analysis for centrality range 0–10% in centrality bins of 1%. The results are presented
in Fig. 3. We observe that event-by-event fluctuations ofv2 andv4 remain correlated, and ofv2 andv3

S
C

(m
,n

)

50−

0

9−10×

 = 2.76 TeV
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ε
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Fig. 3: Correlated and anti-correlated event-by-event fluctuations in coordinate (MC-Glauber) and momentum
space (data). On the bottom panel we present the normalized SC observables, where pseudorapidity gap|∆η |> 1.0
was applied in both two-particle correlations in denominator used to estimate individual flow harmonics.

anti-correlated, also in this regime. However, the strength of the (anti)-correlations exhibits a different
centrality dependence than for the wider centrality range shown in Fig. 1. As seen in Fig. 3 (top) the
centrality dependence cannot be linearly extrapolated from the 0–10% region to the full centrality range.
Comparison with two different parameterizations of the MC-Glauber initial conditions for normalized
SC observables presented in Fig. 3 (bottom) suggests that the BC parameterization (binary collisions
weights) is favored by the data in most central collisions. This agreement may suggest the scaling with
the number of quark participants [54–58] in central collisions at the LHC energies.

In summary, we have measured for the first time the new multiparticle observables, the Symmetric 2-
harmonic 4-particle Cumulants (SC), which quantify the relationship between event-by-event fluctua-
tions of two different flow harmonics. The new observables are particularly robust against few-particle
non-flow correlations and they provide orthogonal information to recently analysed symmetry plane cor-
relators. We have found that fluctuations ofv2 andv3 are anti-correlated in all centralities, however the
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details of the centrality dependence differ in the fluctutation-dominated (most central) and the geometry-
dominated (mid-central) regimes. Fluctuations ofv2 andv4 are correlated for all centralities. Measure-
ments of flow coefficientsvn and new SC(n,m) observables combined together provide a better handle
on the initial conditions andη/s(T) than their individual measurements. This feature was explored to
discriminate between the state-of-the-art hydro model calculations with different parameterizations of
the temperature dependence ofη/s, for all of which the centrality dependence of elliptic, triangular and
quadrangular flow has weaker sensitivity at the LHC. In particular, the centrality dependence of SC(4,2)
cannot be captured with the constantη/s. We have also used our results to discriminate between two
different parameterizations of initial conditions and have demonstrated that in the fluctuation-dominated
regime (in central collisions) MC-Glauber initial conditions with binary collisions weights are favored
over wounded nucleon weights. The results presented in thisLetter can be used to further optimize model
parameters and put better constraints on the initial conditions in ultra-relativistic heavy-ion collisions.
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15 Commissariat à l’Energie Atomique, IRFU, Saclay, France
16 COMSATS Institute of Information Technology (CIIT), Islamabad, Pakistan
17 Departamento de Fı́sica de Partı́culas and IGFAE, Universidad de Santiago de Compostela, Santiago
de Compostela, Spain
18 Department of Physics, Aligarh Muslim University, Aligarh, India
19 Department of Physics, Ohio State University, Columbus, Ohio, United States
20 Department of Physics, Sejong University, Seoul, South Korea
21 Department of Physics, University of Oslo, Oslo, Norway
22 Department of Physics and Technology, University of Bergen, Bergen, Norway
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