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Abstract

The strength of forward-backward (FB) multiplicity comtibns is measured by the ALICE detector
in proton-proton (pp) collisions ays= 0.9, 2.76 and 7 TeV. The measurement is performed in the
central pseudorapidity regiofry| < 0.8) for the transverse momentysi > 0.3 GeVk. Two separate
pseudorapidity windows of widthd;) ranging from 0.2 to 0.8 are chosen symmetrically around
n = 0. The multiplicity correlation strengtib{y) is studied as a function of the pseudorapidity gap
(Ngap between the two windows as well as the width of these winddwe correlation strength is
found to decrease with increasing,, and shows a non-linear increase with. A sizable increase

of the correlation strength with the collision energy, whizannot be explained exclusively by the
increase of the mean multiplicity inside the windows, isered. The correlation coefficient is also
measured for multiplicities in different configurationstafo azimuthal sectors selected within the
symmetric FBn-windows. Two different contributions, the short-rang&kjSnd the long-range
(LR), are observed. The energy dependencb.gf is found to be weak for the SR component
while it is strong for the LR component. Moreover, the caatien coefficient is studied for particles
belonging to various transverse momentum intervals chiosleave the same mean multiplicity. Both
SR and LR contributions tbeer are found to increase witpy in this case. Results are compared
to PYTHIA and PHOJET event generators and to a string-bakedgmenological model. The
observed dependenciest®f,r add new constraints on phenomenological models.
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1 Introduction

We report a detailed study of correlations between mutiijidis in pp collisions at 0.9, 2.76 and 7 TeV.
The correlations are obtained from event-by-event midiigl measurements in pseudorapidity) @nd
azimuth @) separated intervals. The intervals are selected one fotlvard and another in the backward
hemispheres in the center-of-mass system, therefore thelatons are referred to as forward-backward
(FB) correlations.

The FB correlation strength is characterized by the cdioglacoefficient,beqrr, Which is obtained from
a linear regression analysis of the average multiplicityasueed in the backward rapidity hemisphere
((nB>nF) as a function of the event multiplicity in the forward heptiere ():

(Ng)n_ = &+ beorr Ne . 1)

This linear relation[(l1) has been observed experimentaly] and is discussed inl[5—-7]. Under the
assumption of linear correlation betwegnandng, the Pearson correlation coefficient

_ {nen) — (ng) (1)
o= e ne)? @

can be used for the experimental determinatiorbgf; [2]. Since the parametex is given bya =
(ng) — beorr(Ng), it adds no additional information and usually is not coasédl [5+7].

Heretofore, FB multiplicity correlations were studied erdmentally in a large number of collision sys-
tems includingee~, utp, pp, @ and A-A interactions_[3, 4, 3=13]. No FB multiplicity colatons
were observed ie"e  annihilation at,/s= 29 GeV. This was interpreted as the consequence of inde-
pendent fragmentation of the forward and backward jetsymed in this process [14]. In contrast, in pp
collisions at the ISR [13] a{/s= 526 GeV [4] and in |p interactions at the $% collider [15] sizeable
positive FB multiplicity correlations have been observétieir strength was found to increase strongly
with collision energy![3], which was confirmed later at mudgher energies\(s > 1 TeV) in p colli-
sions by the E735 collaboration at the Tevatron [12] and ircgipsions by the ATLAS experiment at
the LHC (/s=0.9 and 7 TeV)|[16]. One of the observations reported by ATLAB&sdecrease di.qr

with the increase of the minimum transverse momentum ofgelthparticles.

The STAR collaboration at RHIC analysed the FB multipligtyrrelations in pp and Au—Au collisions
at ./Sun = 200 GeV [17]. Strong correlation was observed in case of Aueéllisions, while in pp
collisions beor Was found to be rather smahl-Q.1). In the present paper we relate this to the use of
smaller pseudorapidity windows as compared to previousggia measurements.

Forward-backward multiplicity correlations in high engmgp and A—A collisions also raise a consider-
able theoretical interest. First attempts to explain thisrmmenon [7, 18—20] were made in the frame-
work of the Dual Parton Model (DPM)|[2] and the Quark GluonirgrModel (QGSM) [211, 22]. They
provide a quantitative description of multiparticle pratan in soft processes. In improved versions
of the models, collectivity effects arising due to the iatgions between strings, which are particularly
important in the case of A—A interactions, were taken intooanit [23+-26]. These effects are based on
the String Fusion Model (SFM) proposed inl[27, 28]. It wasvehadhat these string interactions lead to
a considerable modification of the FB correlation strengtbing with the reduction of multiplicities, the
increase of mean particler, and the enhancement of heavy flavour production in centrél €ollisions
[23,129, 30].

FB correlations are usually divided into short and longgeaeomponents [2, 7]. In phenomenological
models, short-range correlations (SRC) are assumed tahkzied over a small range gf-differences,

up to one unit. They are induced by various short-range wffieom single source fragmentation, in-
cluding particles produced from decays of clusters or rasoes, jet and mini-jet induced correlations.
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Long-range correlations (LRC) extend over a wider rang@.inThey originate from fluctuations in
the number and properties of particle emitting sourcess{ets, cut pomerons, strings, mini-jets etc.)
[2,7,19, 23-26].

The SFM predicts that the variance of the number of parBahitting sources (strings) should be damped
by their fusion, implying a reduction of multiplicity longgnge correlations [23, 25,/26]. Contrary to this
prediction, long-range correlations arising in the Coldass Condensate model (CGC)|[31] have been
shown to increase with the centrality of the collision| [32]herefore, the investigation of correlations
between various observables, measured in two differefiigisntly separated)-intervals, is considered
to be a powerful tool for the exploration of the initial cotidihs of hadronic interactions [33]. In the case
of A—A collisions, these correlations induced across a waighge inn are expected to reflect the earliest
stages of the collisions, almost free from final state eff¢82,/34]. The reference for the analysis of
A-A collision dynamics can be obtained in pp collisions hydsting the dependence of FB correlations
on collision energy, particle pseudorapidity, azimuth amadsverse momenta.

This paper is organized as follows: Sectidn 2 provides exymtal details, including the description of
the procedures used for the event and track selection, tiseenty corrections and systematic uncer-
tainties estimates. Sections 3 and 4 discuss the result®anufiplicity correlation measurements in
n in pp collisions at/s= 0.9, 2.76 and 7 TeV and in-@ windows at,/s= 0.9 and 7 TeV. In Section
[3, we present dependences of the correlation coefficierh@gdp between windows, their widths and
the collision energy. In Sectidd 4, multiplicity correlatis in windows separated in pseudorapidity and
azimuth are studied, and the comparison with Monte Carl@igdors PYTHIA6 and PHOJET is dis-
cussed. Results on multiplicity correlations in differgrtranges in pp collisions ay/s= 7 TeV are
presented in Sectidn 5.

2 Data Analysis
2.1 Experimental setup, event and track selection

The data presented in this paper were recorded with the Aldeléctor|[35] in pp collisions a¢s= 0.9,
2.76 and 7 TeV. Charged primary particles are reconstrusfddthe central barrel detectors combin-
ing information from the Inner Tracking System (ITS) and fhime Projection Chamber (TPC). Both
detectors are located inside the 0.5 T solenoidal field.

The ITS is composed of 3 different types of coordinate-smesSi-detectors. It consists of 2 silicon
pixel innermost layers (SPD), 2 silicon drift (SDD) and 2csih strip (SSD) outer detector layers. The
design allows for two-particle separation in events witHtiplicity up to 100 charged particles per ém
The SPD detector covers the pseudorapidity rangés< 2 for inner andjn| < 1.4 for outer layers,
acceptances of SDD and SSD ane < 0.9 and|n| < 1, respectively. All ITS elements have a radiation
length of about 1.19%, per layer. The ITS provides reliable charged particle tiragkiown to transverse
momenta of 0.1 GeV ideal for the study of lowpt (soft) phenomena.

The ALICE TPC is the main tracking detector of the centraldy region. The TPC, together with the
ITS, provides charged particle momentum measurementcieaidentification and vertex determination
with good momentum andEy/dx resolution as well as two-track separation of identifiedrbad and
leptons in thepy region below 10 Ge\. The TPC has an acceptancegmf < 0.9 for tracks which reach
the outer radius of the TPC and up|tp < 1.5 for tracks that exit through the endcap of the TPC.

For the present analysis, minimum bias pp events are useslmiimume-bias trigger required a hit in
one of the forward scintillator counters (VZERO) or in onetloé two SPD layers. The VZERO timing
signal was used to reject beam-gas and beam-halo collisibhe primary vertex was reconstructed
using the combined track information from the TPC and ITS] anly events with primary vertices
lying within +10 cm from the centre of the apparatus are selected. In thissvamiform acceptance in
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Fig. 1: lllustration of the variable$n, nga, andnse, Fig. 2: lllustration of sets of)-windows with different
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Fig. 3: lllustration of 8 configurations of azimuthal sectors. Fard/and backward pseudorapidity windows of the
width dn = 0.2 are additionally split into 8 azimuthal sectors with thelthid¢=r7/4. The red sectors correspond
to the first window of the FB pair, the green sectors to the séame. The variabl@g, is the separation in
azimuthal angle between centres of the sectors.

the central pseudorapidity region| < 0.8 is ensured. The data samples {g&= 0.9, 2.76 and 7 TeV
comprise 2 10°, 10x 10%, and 65 x 10° events, respectively. Only runs with low probability to guce
several separate events per one bunch crossing (so-ca#lagbpevents) were used in this analysis.

To obtain high tracking efficiency and to reduce efficiencysks due to detector boundaries, tracks
are selected witlpr > 0.3 GeVE in the pseudorapidity range| < 0.8. Employing a Kalman filter
technique, tracks are reconstructed using space-timéspoieasured by the TPC. Tracks with at least 70
space-points associated and track fittifg ngof less than 2 are accepted. Additionally, at least two hits
in the ITS must be associated with the track. Tracks are a|soted if their distance of closest approach
(DCA) to the reconstructed event vertex is larger than 0.3rceither the transverse or the longitudinal
plane. For the chosen selection criteria, the trackingieffay for charged particles withy > 0.3 GeVE

is about 80%.

2.2 Definition of counting windows

Two intervals separated symmetrically aroumd= 0 with variable widthdn ranging from 0.2 to 0.8
are defined as “forward” () > 0) and “backward” (B5y < 0) . Correlations between multiplicities of
charged particlem] are studied as a function of the gap between the windows{ddras)y,;). Another
convenient variable igs., Which is the separation in pseudorapidity between centirélseowindows.
These variables are illustrated in Hig. 1, and all configonat of window pairs chosen for the analysis
are drawn in Fig. 2.

The analysis is extended to correlations between separag@shs in then-¢ plane (sectors). Thé-
angle space is split into 8 sectors with the width=r74 as shown in Fid.]3. This selection is motivated
by a compromise between granularity and statistical uacgyt The definitions and equations, described
in Section1, remain the same for the¢ windows. The acceptance of the windows is determined by
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Fig. 4: lllustrative example of forward versus backward raw mliltipy distribution for windows withdn = 0.6
andng.,= 0.4 at\/s=7 TeV (left) and corresponding correlation function (righithe correlation strengthcorr

is obtained from a linear fit according to Eg. 1. Since moshefdtatistics is at low multiplicities, the fit is mainly
determined by the first points.

their widthsdn andd¢ as the ALICE acceptance is approximately uniform in thectetbranges of
andg.

2.3 Experimental procedures of the FB correlation coefficiet measurement

The present paper focuses on the study of FB correlationgohena related to soft particle production.
Therefore we restricpr in 0.3 < pr < 1.5 GeVk, except for the study of thpr dependence presented
in Sectior b, where thpr range is B < pr < 6 GeVk.

The correlation coefficientd.or, for each window pair can be calculated using two method4][1iA
the first method values dfngng), (ng), (ne) and (n2) are accumulated event-by-event and theg,

is determined using E@J 2. In the second metHag, is calculated using linear regression. The 2-
dimensional distributionsng, ng) are obtained integrating over all selected events, thenatlerage
backward multiplicity is calculated for each fixed value loé forward multiplicity, andq is obtained
from a linear fit to the correlation function (see illustaatiin Fig.[4). Deviations from linear behavior
may provide additional information, however, a detailadigtof non-linearity in the correlation function
is beyond the scope of this paper.

It has been shown that the results obtained with the two ndsthgree within statistical uncertainty. In
this work, results using the first method are presented.

2.4 Caorrections and systematic uncertainties

Acceptance and tracking efficiency corrections are exathftbm Monte Carlo simulations using PYTHIAG6
[3€] (Perugia 0 tune) and PHOJET [37/ 38] as particle genesdbllowed by a full detector response
simulation based on GEANT3 [39]. Corrections are done tmary charged particle correlations and
multiplicities. Correction factors obtained with theseotgenerators are found to agree within 1% and
the difference is neglected. Three independent corregtiocedures are investigated.

In the first procedure, the correction factorstigyr are obtained as the ratio laf,,r obtained at generator
level (true value) tdy.r after detector response simulation (measured value).elisélsond procedure
the correction factors are obtained fogng), (ng), (n:) and(n2) separately anbcor is obtained from
the corrected moments. The third procedure takes into ategproximately linear dependencelpf,



Forward-backward multiplicity correlations in pp coltisis

ALICE Collaboration

Error source| 0.9 TeV | 276 TeV | 7 TeV
Number of TPC space-points 0.5-3.0| 0-0.1 | 0.2-0.7
Number of ITS space-points 0.6-1.9 - 0.2-1.4
DCA | 3.0-4.0| 1.0-1.8 | 0.1-1.0

Vertex position along the beam line0.2-1.1| 0-1.0 0-0.7
beorr cOrrection procedure 2.5-4.0| 2.2-4.2 | 1.6-2.8

Event pile-up| <1 <1 <1

Total (%) | 3.4-4.5| 2.8-4.2 | 2.0-3.0

Table 1: Sources of systematic errorsinf,r measurements in-windows of widthdn = 0.2, and their contribu-
tions (in %). The minimal and maximal estimated values adé&#ted for each given source.

on (ng) when (n.) varies with cuts, and each corrected valuebgf; is found by extrapolation to the
corrected value ofng).

It was found that results of all three procedures agree witht-4.2% (see Tabld 1), thus proving the

robustness oy determination. The second procedure was chosen as the maxttahd commonly
used to produce the final corrected valudgf;. Correction factors increase the valuebgf,, obtained
for standard cuts, by 6-10 % for analysigjavindows and 9-18 % for analysis if-@ windows and irpr

intervals. By varying the selection cuts (vertex- , DCA- @ratk selection cuts), correction procedures,

and by comparison of the high and low pile-up runs, the syatiemuncertainties o have been

estimated. Adding all contributions in quadrature, thaltsystematic uncertainties are below 4.5%

(4.2%, 3%) at,/s= 0.9 (2.76, 7) TeV for thdy.or analysis inn-separated windows, and 6% for analysis
in n-¢ separated windows afs= 0.9 and 7 TeV. For théy,, analysis inpr intervals for 7 TeV, the

systematic uncertainties are less than 8%. Statisticalseare small and within the symbol sizes for data

points in the figures. A summary of the contributions of sy&tc uncertainties fdo.or in n-separated
windows with the widthdn = 0.2 is presented in Tablé 1.

3 Multiplicity correlations in windows separated in pseudaapidity

3.1 Dependence on the gap between windows

Fig.[3 shows the FB multiplicity correlation coefficiem, as a function of)gapand for different widths
of the n windows @n) in pp collisions at the three collision energies. For eg@h beor is found to
decrease slowly with increasing,, while maintaining a substantial pedestal value througtiwa: full
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Fig. 5: Forward-backward correlation strendthy as function ofy,, and for different windows widthén=0.2,
0.4,0.6 and 0.8 in pp collisions gfs= 0.9, 2.76 and 7 TeV.
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Fig. 6: Correlation strengthcorr as a function o®n for ng,,= 0 in pp collisions fory/s=0.9, 2.76 and 7 TeV.
The MC results from PYTHIA6 Perugia 0 (solid line), Perugi@l2 (dotted line) and PHOJET (dashed line),
calculated at generator level, are shown for comparisom. biditom panels show the ratio laf,,; between data
and MC. The red dashed curves correspond to the model ofémdiemt particle emission from a fluctuating source
(see text).

Ngap "ANGE.
3.2 Dependence on the width of windows

The dn-dependence for adjacemf,, = 0), symmetrical windows with respect tp= 0 is shown in
Fig.[8. For all collision energies, the correlation coefittiincreases non-linearly widv). This trend
is quite well described by PYTHIA6 and PHOJET, although theeament worsens with increasigé.
This dn-dependence can be understood, along with other appropgifEs 40], in a simple model with
event-by-event multiplicity fluctuations and random disition of produced particles in pseudorapidity.
In this model, the multiplicity in am interval containing the fractiop of the mean multiplicity(N) in
the full n-acceptance is binomially distributed and its mean squagésen by

(né) = (ng) = p(1— P)(N) + P*(N?) , ®3)

whereN is the charged particle multiplicity measured in the pseagidlity intervaly and

_(ng) _{(ng) _ 0N
- .

One can connect the multiplicity fluctuations in the fgHacceptance considered in this analy¥is<
1.6) with the correlation strength.o (See AppendikA):

adn/Y

mod
bCOI’I’ 1_|_ a5n /Y ) (5)
where )
ON
a=—--—1. (6)
(N)
Note that using Ed.13 and Eg. 4 one can write the[fEq. 5 also ifotloeving form:
prrod— 1 - ) (7)

02
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V/S(TeV) | window widthdn | (ne) | Beorr (Ngag=0) | beorr (MaX. Ngap)
0.9 0.54 1.17 | 0.394+0.01 0.35+0.01
2.76 0.4 1.17 | 0.444+0.02 0.38+0.02
7 0.33 1.17 | 048+0.01 0.43+0.01

Table 2: Correlation strengthbeor in pp collisions at,/s = 0.9, 2.76 and 7 TeV in windows with equal mean
multiplicity (ng) and the corresponding values &f. Values are shown for adjacent windowg,{=0) and for
windows with maximahg,, within || < 0.8. The uncertainty ofing) is about 0.001.

From the measured ratio of the multiplicity variangg = (N?) — (N)? in Y = 1.6 to the mean value
(N) we obtain the value ofr at\/s= 0.9, 2.76 and 7 TeV to be 2.03, 3.25 and 4.42, respectively, with
a systematic uncertainty of about 5%. d(6n)-dependences calculated by E§. 5 are shown in
Fig.[6 as red dashed lines. Afap= 0 thebeor(dn) dependence is well described by this simple model.
However, this model is not able to describe the dependenbg,@bn 1y, in Fig.[S because it does not
take into account the SRC contribution mentioned above.

3.3 Dependence on the collision energy

Figurel3 shows that the pedestal valubgf: increases with/s, while the slope of th&corr(Ng,p) depen-
dence stays approximately constant. This indicates tleatahtribution of the short-range correlations
has a very weak/s-dependence, while the long-range multiplicity correlas play a dominant role in
pp collisions and their strength increases significantl{hwji's. Note that this increase cannot be ex-
plained by the increase of the mean multiplicity alone. tiflifferent energies, we choose window sizes
such that the mean multiplicity stays constant the incréasgll observed (see Talé 2).

In the framework of the simple model described by[Eq. 5[and6rbrease of the correlation coefficient
corresponds to the increase of the event-by-event maltipliluctuations with,/s characterized by the
ratio o2 /(N).

A strong energy dependence and rather ldxgg values were previously reported by the UAS collabo-
ration [3] and recently by the ATLAS Collaboration [16]. Hewver, as we see in Fig. 6, the correlation
coefficient depends in a non-linear way on the width of thaideeapidity window. One has to take this
fact into account when comparing the correlation strengtitained under different experimental con-
ditions. In particular, it explains the small valuestif;: observed by the STAR collaboration at RHIC
(pp, v/Ss= 200 GeV) [17], where narrow FB windows$§ = 0.2) were considered, while in previous pp
and p experiments wider windows of a few units of pseudorapidigre used.

4 Multiplicity correlations in windows separated in pseudaapidity and azimuth

Multiplicity correlations are also studied in differentrdgurations of forward and backward azimuthal
sectors. These sectors are chosen in separated forwarcekddrd pseudorapidity windows of width
on =0.2 andd¢ = /4 as shown in Fid.13, resulting in 5 pairs with differ@niseparation.

Figs.[7 and B show the azimuthal dependenck.gf as a function of different)se,, for 0.9 and 7 TeV,
respectively. Data are compared to PYTHIAG (tunes PerugiaddPerugia 2011), PHOJET and a para-
metric string model [41].

The string model fitted to our data helps to understand in alsimvay the origins of thegq behaviour.
There are two contributions ta.o, in this model. The short-range (SR) contribution origingtfrom

the correlation between particles produced from the de¢ay single string and the long-range (LR)
contribution arising from event-by-event fluctuations lvé number of strings. The energy dependence
of the fitted parameters demonstrates that SR parametgrs®tatant with,/s while the normalized
variance of the number of strings, the only LR parameter ®ftlodel, increases by a factor of three.
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The legend is the same as for Fij. 7.

The 2-dimensional distribution dicorr as a function ofge, and ¢ is shown in Figl® for,/s = 0.9

and 7 TeV. The qualitative behaviour bf,r resembles the results obtained for two-particle angular
correlations: near-side peak and recoil away-side streicflihe connection between the FB correlation
and two-particle correlation function is discussed in dlétd7, 41-+43].

The shapes of the correlation functions clearly indicate ¢antributions to the forward-backward mul-
tiplicity correlation coefficient. The SR contribution isrmcentrated within a rather limited region in the
n-¢ plane within one unit of pseudorapidity am#2 in azimuth, while the LR contribution manifests
itself as a common pedestal in the whole region of obsematio

The strength of multiplicity correlations measuredrirand n-¢ windows is compared to the results
obtained with PYTHIAG[36] (tunes Perugia 0 and Perugia 2Gid PHOJET/[37, 38] Monte Carlo
generators (MC). The detailed overview of key features e$¢hgenerators can be foundlin/ [44]. Recent
Perugia tunes for PYTHIAG are described|ini [45].

In Fig.[10 the comparison diorr as a function ofjgapfor dn = 0.2 at,/s= 0.9, 2.76 and 7 TeV with the
results obtained with different MC generators is shown. mMdidels describe the data g@&= 0.9 TeV
reasonably well, while larger discrepancies are obsert&?l7% and 7 TeV, with PYTHIA giving a
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Fig. 10: Correlation strengthcorr as a function ofjgapin pp collisions for data taken from Flg. 5 and compared to
MC generators PYTHIA Perugia 0 (solid line), Perugia 201dtted line) and PHOJET (dashed line) {gs= 0.9,
2.76 and 7 TeV collision energies, windows width is 0.2. The bottom panels show the ratio of the data to MC.

better description of the data than PHOJET. Qualitativatyilar conclusions can be drawn from the
comparison of thén-dependence in experimental data and MC as shown i Fig. 6.

Note that PYTHIA also describes the correlationgji#® windows reasonably well, see Figufés 7 and
[8, while PHOJET gives a good description only fgs = 0.9 TeV and significantly underestimates the
data at 7 TeV.

The difference between the experimental data and the seshithined with MC generators is more visible
in Fig.[11, which compares the measured ratibgf; at /s= 2.76 and 7 TeV with respect to 0.9 TeV
as a function of)y,,to MC calculations. The measured ratios show an increasemgl tas a function of
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Fig. 11: Ratio of beorr at 2.76 (blue squares) and 7 TeV (red circles) with respe€@oTeV vs. ngap. The
calculations from MC generators are also shown: PYTHIA Bex0 (solid line), Perugia 2011 (dotted line) and
PHOJET (dashed line), for 2.76 TeV (blue lines) and 7 TeV (irgzk).

Ngap While PYTHIA and PHOJET underestimate the ratios and exhiflatterng,, dependence.

It is important to note that, in the framework of PYTHIA, theserved LR part ob.r (the pedestal
in Fig. [9) is dominated by multiple parton-parton interant (MPI). This supports earlier results|[46],
in which the FB correlations in pp collisions were studied\d¢ simulations with recent tunes of the
PYTHIAG6 at./s= 0.9 TeV. Hence, the observed dependence.gf on collision energy and on different
configurations of rapidity and azimuthal windows adds nemsti@ints on phenomenological models for
multi-particle production.

5 Dependence of FB multiplicity correlation strength on thechoice of pr intervals

The behaviour of FB multiplicity correlation strength wdscastudied as a function gy of registered
particles. These studies were motivated by a recent pap#nebATLAS collaboration [16], which
reported a decrease in the multiplicity correlation sttengith increasingp™". However, as we have
observed in Section 3.2, there is a strong non-linear depeaedofb.o on the size of pseudorapidity
windows and, hence, on the mean multiplicityy) in the window (see Eq.4.]5, and Hig. 6). In order
to demonstrate that the strorpg"” dependence is not a trivial multiplicity dependence, in aualysis
we usepry intervals with the saméng). To this end, the correlation strendiky, is studied for fivepr
intervals within 03 < pt < 6 GeVkt at/s= 7 TeV: 0.3-0.4, 0.4-0.52, 0.52-0.7, 0.7-1.03 and 1.03-6.0
(GeV/c). In eaclpr interval, the corrected mean multiplicity:) = 0.157 with a systematic uncertainty
about 2%. Correlations are studied rinand n-¢ FB-windows configurations. Note that in case of
windows chosen symmetrically with respectrie= 0 the definition ofber given by [2) coincides with
the correlation coefficien; used in the ATLAS analysis.

Fig.[I2 showsbeor as a function ofp™™ for Ngap = 0 @and 1.2. Systematic uncertainties are shown as
rectangles, statistical uncertainties are negligible. fMi thatbc,r increases witt'p-”r“in for both values

of ngap in contrast to the results reported in![16]. This result barunderstood if one takes into ac-
count that the multiplicity fluctuations in a given windowearlosely connected with the two-particle
correlation strength [7, 43]. In the simple model with themtvby-event multiplicity fluctuations and
random distribution of produced particles in pseudorapidiiscussed in Sectidn 3.2, Eq. 7 allows us to
discuss the observed dependence of the correlation ceefflii, on the pr-binnings for the case of
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Ngap= 0 (Fig[12). One sees that the imposed conditjiog)=congt eliminates the dependence g
on the multiplicity. The ratio /10§F decreases argfl%increases with increasing™.

As mentioned above, in the approach used_in [16] the deperdehthe correlation strength on the
piMin of charged particles was studied without cutsp§ii, which leads to a decrease of the correlation
beorr With increasingp?“”. This result can also be illustrated with the help of Eqg. 71this case(ng)
decreases with increasim§™™ and(n.) / anZF increases (approaching the Poisson Iia,ﬁFt: (ng)) leading

to the decrease @f'%Y. Thus, the difference of the results in these two approachese qualitatively
understood using EfQl 7.

Fig.[13 showsbeor as function offg,, for different pr intervals. Figl 1B (a) compares data to PYTHIAG
tune Perugia 2011. The general trencbgfy increasing with highep™ for all Ngap IS reproduced by
this tune, with small quantitative deviations. Figl 13 (bpws the same data in comparison to PHOJET.
This generator does not describe the data well: PHOJE Ttsesna almost independent pf'" and only
grow significantly for thept range 1.03—6.00 (Ge¥). Since experimental data was used to determine
the pr intervals with the same mean multiplicity, the values of meaultiplicities may vary slightly in
case of the MC samples for the samgintervals. Deviations from the mean value are within 4% for
PYTHIAG Perugia 0 and 12% for PHOJET.

The analysis obyqrr is also performed im-¢ separated windows in differemtr intervals with the
same mean multiplicity (for pp collisions gfs= 7 TeV) in 8x8 n-¢ windows. Results are shown in
Fig.[14 and compared to PYTHIA6 and PHOJET calculations.dutiteon to the conclusions that were
drawn above from the correlations betwegtseparated windows, some new details are revealed. In
particular, one observes that the PHOJET discrepancy Wfulata is especially dramatic @, =172,
where PHOJET shows no dependencbggf on thept range. It was shown already In [47] that PHOJET
has difficulties in description of underlying event measueats.

Fig.[14 shows that for highepr intervals a near-side peak appears (see panelgstge= 0 andr/4),
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at the same time thls,or in the flat region ansp > 1 increases wittpy for all ¢<ep values (compare
panels fordsep= 11/2, 311/4 andmn). It should be emphasized that the value of the pedestatimmon
constant component in all panels) increases ith

In near- and away-side azimuthal regions the increabgpiwith p?‘” can be explained by an enhanced
number of back-to-back decays and jets. The general ribg,pfcan be related to the increase of the
varianced? in Eq.[8, discussed in the framework of the simple model irtise.2.

6 Conclusion

The strengths of forward-backward (FB) multiplicity cdations have been measured in minimum bias
pp collisions at/s= 0.9, 2.76 and 7 TeV using multiplicities determined in two epad pseudorapidity
windows separated by a variable gapg, of up to 1.2 units. The dependences of the correlation
coefficientbeor 0N the collision energy, the width and the position of pseagility windows have
been investigated. For the first time, the analysis has beerapplied for various configurations of the
azimuthal sectors selected within these pseudorapiditglevis in events af/s= 0.9 and 7 TeV.

A considerable increase of the FB correlation strength with growth of the collision energy from
v/S=0.9 to 7 TeV is observed. It is shown that this cannot be expthimethe increase of the mean
multiplicity alone. The correlation strength grows withettvidth of pseudorapidity windows, while it
decreases slightly with increasing pseudorapidity gawéen the windows. It is shown that there is a
strong non-linear dependence of the correlation strengthewidth of the pseudorapidity windows and
hence on the mean multiplicity value.

Measurements of the correlation strength for various cardiipns of azimuthal sectors enable the dis-
tinction of two contributions: short-range (SR) and logige (LR) correlations. A weak dependence on
the collision energy is observed for the SR component whi#¢d R component has a strong dependence.
Forn-gaps larger than one unit of pseudorapidity af2lin azimuth the LR contribution dominates. This
contribution forms a pedestal value (the common constamipoment) ofbe,, increasing with collision
energy.

Moreover, pseudorapidity and pseudorapidity-azimuthstributions ofb.qr have been obtained in pp
events at,/s= 7 TeV for various particle transverse momentum intervalss found that the FB corre-
lation strength increases with the transverse momentysyifitervals with the same mean multiplicity
are chosen.

The measurements have been compared to calculations hsiRyYiTHIA and PHOJET MC event gen-
erators. These generators are able to describe the geeeids bibeor as a function 0bn, ngap,andgse,

and its dependence on the collision energy.ptrdependent analysis &y, PYTHIA describes data
reasonably well, while PHOJET fails to descritg, in azimuthal sectors. The observed dependences
of beorr add new constraints on phenomenological models. In piatithie transition between soft and
hard processes in pp collisions can be investigated inldedizig thepr dependence of azimuthal and
pseudorapidity distributions of forward-backward multjy correlation strengttoggyr.

Acknowledgements

The ALICE Collaboration would like to thank all its engineeand technicians for their invaluable con-
tributions to the construction of the experiment and the 8ERcelerator teams for the outstanding
performance of the LHC complex. The ALICE Collaborationtgfally acknowledges the resources
and support provided by all Grid centres and the WorldwideCLEomputing Grid (WLCG) collab-

oration. The ALICE Collaboration acknowledges the follog/ifunding agencies for their support in
building and running the ALICE detector: State Committe&oifence, World Federation of Scientists

14



Forward-backward multiplicity correlations in pp coltisis ALICE Collaboration

(WFS) and Swiss Fonds Kidagan, Armenia, Conselho Naciom@a&kenvolvimento Cientifico e Tec-
nolégico (CNPq), Financiadora de Estudos e Projetos (F)NE&hdacdo de Amparo a Pesquisa do
Estado de S&o Paulo (FAPESP); National Natural Sciencedation of China (NSFC), the Chinese
Ministry of Education (CMOE) and the Ministry of Science arethnology of China (MSTC); Ministry
of Education and Youth of the Czech Republic; Danish NatBi¢énce Research Council, the Carlsberg
Foundation and the Danish National Research Foundatioa;ELimopean Research Council under the
European Community’s Seventh Framework Programme; Helsistitute of Physics and the Academy
of Finland; French CNRS-IN2P3, the ‘Region Pays de Loir&egion Alsace’, ‘Region Auvergne’
and CEA, France; German Bundesministerium fur Bildung,séfischaft, Forschung und Technologie
(BMBF) and the Helmholtz Association; General SecretdidgatResearch and Technology, Ministry
of Development, Greece; Hungarian Orszagos Tudomanycaatd@itAlappgrammok (OTKA) and Na-
tional Office for Research and Technology (NKTH); DepartimeihAtomic Energy and Department
of Science and Technology of the Government of India; ItitNazionale di Fisica Nucleare (INFN)
and Centro Fermi - Museo Storico della Fisica e Centro StiRicerche "Enrico Fermi”, Italy; MEXT
Grant-in-Aid for Specially Promoted Research, Japan;tJostitute for Nuclear Research, Dubna; Na-
tional Research Foundation of Korea (NRF); Consejo NatideaCienca y Tecnologia (CONACYT),
Direccion General de Asuntos del Personal Academico(DGAREEXico, :Amerique Latine Forma-
tion academique/v§$ European Commission(ALFA-EC) and the EPLANET Progr&urbpean Particle
Physics Latin American Network) Stichting voor Fundameht@nderzoek der Materie (FOM) and the
Nederlandse Organisatie voor Wetenschappelijk Onderd@d@kO), Netherlands; Research Council of
Norway (NFR); National Science Centre, Poland; MinistryNaftional Education/Institute for Atomic
Physics and Consiliul Na@onal al Cercet&rii AdtiinAgifice - Executive Agency for Higher Education
Research Development and Innovation Funding (CNCS-UEBIBCRomania; Ministry of Education
and Science of Russian Federation, Russian Academy of &sigRussian Federal Agency of Atomic
Energy, Russian Federal Agency for Science and Innovatéindslhe Russian Foundation for Basic Re-
search; Ministry of Education of Slovakia; Department ofieBce and Technology, South Africa; Centro
de Investigaciones Energeticas, Medioambientales y Tegicas (CIEMAT), E-Infrastructure shared
between Europe and Latin America (EELA), Ministerio de Emoiia y Competitividad (MINECO) of
Spain, Xunta de Galicia (Conselleria de Educacion), Ceteraplicaciones TecnolAsgicas y Desarrollo
Nuclear (CEADEN), Cubaenergia, Cuba, and IAEA (IntermatloAtomic Energy Agency); Swedish
Research Council (VR) and Knut & Alice Wallenberg Foundat{&AW); Ukraine Ministry of Edu-
cation and Science; United Kingdom Science and Technol@gylites Council (STFC); The United
States Department of Energy, the United States Nationah8eiFoundation, the State of Texas, and the
State of Ohio; Ministry of Science, Education and Sportsmfafla and Unity through Knowledge Fund,
Croatia. Council of Scientific and Industrial Research @$SNew Delhi, India

References

[1] G. Alneret al., “Uab: A general study of proton-antiproton physics &= 546 gev,”
Phys. Rep. 154(1987) 247.

[2] A. Capella, U. Sukhatme, C.-I. Tan, and J. T. T. Van, “Dpatton model,”
Phys. Rep. 236 (1994) 225.

[3] UAS Collaboration, R. Ansorgeet al., “Charged Particle Correlations P Collisions at c.m.
Energies of 200-GeV, 546-GeV and 900-Ge¥ Phys. C37(1988) 191.

[4] S. Uhlig, I. Derado, R. Meinke, and H. Preissner, “Obs¢ion of Charged Particle Correlations
Between the Forward and Backward Hemisphergspi©Collisions at ISR Energies,”
Nucl.Phys. B132(1978) 15.

15


http://dx.doi.org/http://dx.doi.org/10.1016/0370-1573(87)90130-X
http://dx.doi.org/http://dx.doi.org/10.1016/0370-1573(94)90064-7
http://dx.doi.org/10.1007/BF01579906
http://dx.doi.org/10.1016/0550-3213(78)90254-7

Forward-backward multiplicity correlations in pp coltisis ALICE Collaboration

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

A. Capella and J. Tran Thanh Van, “Long Range Rapidityr€lations in Hadron - Nucleus
Interactions,/Phys.Rev. D29 (1984) 2512.

G. Fowler, E. Friedlander, F. Pottag, R. Weiner, J. Weeet al., “Rapidity Scaling of
Multiplicity Distributions in a Quantum Statistical Appaioh,” Phys.Rev. D37 (1988) 3127.

A. Capella and A. Krzywicki, “Unitarity Corrections tdsrt range order: Long range rapidity
correlations,'Phys.Rev. D18 (1978) 4120.

TASSO Collaboration, W. Braunschweigt al., “Charged Multiplicity Distributions and
Correlations in e+ e- Annihilation at PETRA Energie&,Phys. C45(1989) 193.

DELPHI Collaboration , P. Abreuet al., “Charged particle multiplicity distributions in Z0
hadronic decaysZ.Phys. C50(1991) 185.

OPAL Collaboration, R. Akerset al., “Multiplicity and transverse momentum correlations in
multihadronic final states in e+ e- interactions /&= 91.2 GeV,”|Phys.Lett. B320(1994) 417.

C. Bromberg, D. Chaney, D. H. Cohen, T. Ferbel, P. Stgttt al., “Pion Production inp p
Collisions at 102-GeV/c.Phys.Rev. D9 (1974) 1864.

E735 Collaboration, T. Alexopouloset al., “Charged particle multiplicity correlations ipp
collisions at,/s=0.3-TeV to 1.8-TeV,Phys.Lett. B353(1995) 155.

British-French-Scandinavian Collaboration, M. Albrow et al., “Studies of Proton Proton
Collisions at the CERN ISR With an Identified Charged HadrbHigh Transverse Momentum at
90-degrees. 2. On the Distribution of Charged ParticlebénQentral Region,”

Nucl.Phys. B145(1978) 305.

M. Derrick, K. Gan, P. Kooijman, J. Loos, B. Musgraetal., “Study of Quark Fragmentation in
e+ e- Annihilation at 29-GeV: Charged Particle Multiplicind Single Particle Rapidity
Distributions,”Phys.Rev. D34 (1986) 3304.

UAGS Collaboration, K. Alpgardet al., “Forward-Backward Multiplicity Correlations in p anti-p
Collisions at 540-GeV,Phys.Lett. B123(1983) 361.

ATLAS Collaboration , G. Aadet al., “Forward-backward correlations and charged-particle
azimuthal distributions in pp interactions using the ATLA&ector,'JHEP 07 (2012) 019,
arXiv:1203.3100 [hep-ex].

STAR Collaboration, B. Abelevet al., “Growth of Long Range Forward-Backward Multiplicity
Correlations with Centrality in Au+Au Collisions fSsyny = 200 GeV,”
Phys.Rev.Lett. 103(2009) 172301arXiv:0905.0237 [nucl-ex].

V. Abramovsky, E. Gedalin, E. Gurvich, and O. Kanchdlipng Range Azimuthal Correlations in
Multiple Production Processes at High-energidgTP Lett. 47 (1988) 337.

M. Braun, C. Pajares, and V. Vechernin, “On the forwaldekward correlations in a two stage
scenario,’Phys.Lett. B493(2000) 54 /arXiv:hep-ph/0007241 [hep-phl.

P. Brogueira, J. Dias de Deus, and J. G. Milhano, “FodaBackward rapidity correlations at all
rapidities,”Phys.Rev. C76 (2007) 064901arXiv:0709.3913 [hep-phl].

[21] A. Kaidalov, “The Quark-Gluon Structure of the Pomegord the Rise of Inclusive Spectra at

High-Energies,Phys.Lett. B116(1982) 459.

16


http://dx.doi.org/10.1103/PhysRevD.29.2512
http://dx.doi.org/10.1103/PhysRevD.37.3127
http://dx.doi.org/10.1103/PhysRevD.18.4120
http://dx.doi.org/10.1007/BF01674450
http://dx.doi.org/10.1007/BF01474073
http://dx.doi.org/10.1016/0370-2693(94)90680-7
http://dx.doi.org/10.1103/PhysRevD.9.1864
http://dx.doi.org/10.1016/0370-2693(95)00554-X
http://dx.doi.org/10.1016/0550-3213(78)90088-3
http://dx.doi.org/10.1103/PhysRevD.34.3304
http://dx.doi.org/10.1016/0370-2693(83)91218-2
http://dx.doi.org/10.1007/JHEP07(2012)019
http://arxiv.org/abs/1203.3100
http://dx.doi.org/10.1103/PhysRevLett.103.172301
http://arxiv.org/abs/0905.0237
http://dx.doi.org/10.1016/S0370-2693(00)01127-8
http://arxiv.org/abs/hep-ph/0007241
http://dx.doi.org/10.1103/PhysRevC.76.064901
http://arxiv.org/abs/0709.3913
http://dx.doi.org/10.1016/0370-2693(82)90168-X

Forward-backward multiplicity correlations in pp coltisis ALICE Collaboration

[22] A. Kaidalov and K. Ter-Martirosian, “Pomeron as Qua&kion Strings and Multiple Hadron
Production at SPS Collider EnergiePhys.Lett. B117(1982) 247.

[23] N. Amelin, N. Armesto, M. Braun, E. Ferreiro, and C. Re@ “Long and short range correlations
and the search of the quark gluon plasni®hys.Rev.Lett. 73(1994) 2813.

[24] M. Braun and C. Pajares, “Implications of percolatidrcolor strings on multiplicities,
correlations and the transverse momentuuw’.Phys.J. C16 (2000) 349,
arXiv:hep-ph/9907332 [hep-phl].

[25] M. Braun, R. Kolevatov, C. Pajares, and V. Vecherninpft@lations between multiplicities and
average transverse momentum in the percolating cologstapproach,”
Eur.Phys.J. C32(2004) 535arXiv:hep-ph/0307056 [hep-phl.

[26] V. Vechernin and R. Kolevatov, “On multiplicity and traverse-momentum correlations in
collisions of ultrarelativistic ions,;Phys.Atom.Nucl. 70 (2007) 1797.

[27] M. Braun and C. Pajares, “Particle production in nuckgallisions and string interactions,”
Phys.Lett. B287(1992) 154.

[28] M. Braun and C. Pajares, “A probabilistic model of irgteting strings,”
Nucl.Phys. B390(1993) 542.

[29] N. Armesto, M. Braun, E. Ferreiro, and C. Pajares, “Sgeness enhancement and string fusion in
nucleus-nucleus collisionsPhys.Lett. B344(1995) 301.

[30] N. Amelin, N. Armesto, C. Pajares, and D. Sousa, “Mong&l@€model for nuclear collisions from
SPS to LHC energiesEur.Phys.J. C22 (2001) 149arXiv:hep-ph/0103060 [hep-phl.

[31] L. McLerran, “What is the Color Glass Condensatd®jcl.Phys. A699 (2002) 73.

[32] N. Armesto, L. McLerran, and C. Pajares, “Long Rangeward-Backward Correlations and the
Color Glass Condensatéucl.Phys. A781 (2007) 201larXiv:hep-ph/0607345 [hep-ph].

[33] A. Dumitru, F. Gelis, L. McLerran, and R. VenugopalaGlasma flux tubes and the near side
ridge phenomenon at RHICNucl.Phys. A810 (2008) 91/arXiv:0804.3858 [hep-phl].

[34] Y. V. Kovchegoy, E. Levin, and L. D. McLerran, “Large $eaapidity correlations in heavy ion
collisions,”|Phys.Rev. C63(2001) 024903arXiv:hep-ph/9912367 [hep-phl].

[35] ALICE Collaboration , K. Aamodtet al., “The ALICE experiment at the CERN LHC,"
JINST 3 (2008) S08002.

[36] T. Sjostrand, S. Mrenna, and P. Z. Skands, “PYTHIA 6.4d&ts and Manual,”
JHEP 05 (2006) 026/arXiv:hep-ph/0603175 [hep-ph].

[37] R. Engel, “Photoproduction within the two componenabparton model. 1. Amplitudes and
cross-sectionsZ.Phys. C66 (1995) 203.

[38] R. Engel and J. Ranft, “Hadronic photon-photon intéaars at high-energies,”
Phys.Rev. D54 (1996) 4244 arXiv:hep-ph/9509373 [hep-ph]l.

[39] R. Brun, F. Bruyant, M. Maire, A. McPherson, and P. ZamiafGEANT3,” Tech. Rep.
CERN-DD-EE-84-1, CERN, 1987.

17


http://dx.doi.org/10.1016/0370-2693(82)90556-1
http://dx.doi.org/10.1103/PhysRevLett.73.2813
http://dx.doi.org/10.1007/s100520050027
http://arxiv.org/abs/hep-ph/9907332
http://dx.doi.org/10.1140/epjc/s2003-01443-6
http://arxiv.org/abs/hep-ph/0307056
http://dx.doi.org/10.1134/S1063778807100158
http://dx.doi.org/10.1016/0370-2693(92)91892-D
http://dx.doi.org/http://dx.doi.org/10.1016/0550-3213(93)90467-4
http://dx.doi.org/10.1016/0370-2693(94)01511-A
http://dx.doi.org/10.1007/s100520100761
http://arxiv.org/abs/hep-ph/0103060
http://dx.doi.org/10.1016/S0375-9474(01)01472-5
http://dx.doi.org/10.1016/j.nuclphysa.2006.10.074
http://arxiv.org/abs/hep-ph/0607345
http://dx.doi.org/10.1016/j.nuclphysa.2008.06.012
http://arxiv.org/abs/0804.3858
http://dx.doi.org/10.1103/PhysRevC.63.024903
http://arxiv.org/abs/hep-ph/9912367
http://dx.doi.org/10.1088/1748-0221/3/08/S08002
http://dx.doi.org/10.1088/1126-6708/2006/05/026
http://arxiv.org/abs/hep-ph/0603175
http://dx.doi.org/10.1007/BF01496594
http://dx.doi.org/10.1103/PhysRevD.54.4244
http://arxiv.org/abs/hep-ph/9509373

Forward-backward multiplicity correlations in pp coltisis ALICE Collaboration

[40] V. Vechernin, “Long-Range Rapidity Correlations iretModel with Independent Emitters,” in
Relativistic Nuclear Physics and Quantum Chromodynamics. Proc. of the XX Intern. Baldin
Seminar on High Energy Physics Problems, vol. 2, p. 10. JINR, Dubna, 2011.
arXiv:1012.0214 [hep-ph].

[41] V. Vechernin, “Forward-backward correlations betweeultiplicities in windows separated in
azimuth and rapidity,Nucl.Phys. A939 (2015) 21/arXiv:1210.7588 [hep-phl].

[42] V. Vechernin, “On description of the correlation betmemultiplicities in windows separated in
azimuth and rapidity,PocSQFTHEP2013(2013) 055arXiv:1305.0857 [hep-phl].

[43] C. Pruneau, S. Gavin, and S. Voloshin, “Methods for tiuels of particle production fluctuations,”
Phys.Rev. C66 (2002) 044904arXiv:nucl-ex/0204011 [nucl-ex]l

[44] A. Buckley, J. Butterworth, S. Gieseke, D. Grellscheédd Hochegt al., “General-purpose event
generators for LHC physicsPhys.Rept. 504 (2011) 145arXiv:1101.2599 [hep-phl.

[45] P. Z. Skands, “Tuning Monte Carlo Generators: The Farlignes,”
Phys.Rev. D82 (2010) 074018arXiv:1005.3457 [hep-phl.

[46] K. Wraight and P. Skands, “Forward-Backward Correlasi and Event Shapes as probes of
Minimum-Bias Event PropertiesPur.Phys.J. C71(2011) 1628arXiv:1101.5215 [hep-ph]l

[47] ALICE Collaboration , B. Abelevet al., “Underlying Event measurements fap collisions at
v/s=0.9 and 7 TeV with the ALICE experiment at the LH@HEP 07 (2012) 116,
arXiv:1112.2082 [hep-ex].

A A model with random uniform distribution of produced parti cles in pseudorapidity

In a simple model with event-by-event multiplicity fluctigats and random uniform distribution of pro-
duced particles in pseudorapidity the probability to obser- particles in some subintervaln from
the total number oN charged particles produced in the whole pseudorapidigratY is given by the
binomial distribution:

Pu(ng) =CpF(1— p)N ", (A1)
with (n2)y = pN and(nZ )y, = p(1— p)N + p?N?, wherep = &n /Y. (We consider the case of symmetric
windowsdng = dng = 0n.) Averaging then over events with different values\pf

P(ng) = %P(N)F’N(np) ; (A.2)
we have
(ne) = > P(ne)ng = Z % P(N)Pu(ng)nge = ZP(N)F’N = p(N) (A.3)
and hence
(Ne) _ (ng) _ On (A.4)

In the same way we find

(ng) = (n§) = p(1— p)(N) + p*(N?), (A.5)
((ne+ng)?) = 2p(1 - 2p)(N) + (2p)*(N?) . (A.6)

One can rewrite (Al4)E(Al6) also as
UnZF+nB — (Ne+ng) _ UnZF —(ng) _ aj — (N) _Ry. A7)

(N +ng)2 (ng)? (N)2
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since the so-called robust variarigg is the same for any subinterval ¥fin the case of the independent
homogeneous distribution of the particles aloh#3].

Using the presentation for the covariance

(nelg) — () () = 5(0F 1, — 02— 02 (A.8)

we can write for the correlation coefficient in a model-indiegent way:

2 2 2
GnF+nB - anF - anB

Beorr = 20}%: (A.9)
Then combining[(Al7) and (Al9) we find
mod __ <nF>RN
bCOIT - 1+ <n|:>RN . (Alo)
Using [A.4) we can write (A.10) also as
mod __ aén/Y
Beorr = T oran 77 aOnY (A.11)
where
o= (NjRy= I8 (A.12)
Ny . :
Substituting the expression
oi —(ng)
Ry=——f———" (A.13)
(ng)?
from (A7) into (A10) one finds another presentation BgPY:
n
g — 1 ! §> - (A.14)
o
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