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Elliptic flow measurements from two-, four- and six-particle correlations are used to investigate
flow fluctuations in collisions of U+U at

√
sNN = 193 GeV, Cu+Au at

√
sNN = 200 GeV and

Au+Au spanning the range
√
sNN = 11.5 - 200 GeV. The measurements show a strong dependence

of the flow fluctuations on collision centrality, a modest dependence on system size, and very little
if any, dependence on particle species and beam energy. The results, when compared to similar
LHC measurements, viscous hydrodynamic calculations, and Glauber model eccentricities, indicate
that initial-state-driven fluctuations predominate the flow fluctuations generated in the collisions
studied.

A wealth of studies of heavy-ion collisions at the Rela-
tivistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) indicate that an exotic state of matter,
called the Quark-Gluon Plasma (QGP), is created in the
hot and dense environment present in these collisions.
Ongoing studies at RHIC and the LHC are focused on
developing a complete understanding of the dynamical
evolution and the transport properties of the QGP.

Several analysis techniques have been employed to
study the QGP. In particular, azimuthal anisotropy mea-
surements of the produced particles have been used to
study the viscous hydrodynamic response of the QGP to
the spatial distribution of the initial energy density pro-
duced in the early stages of the collisions [1–12]. The
azimuthal anisotropy of the particles produced relative
to the flow planes Ψn, can be quantified via Fourier de-
composition [13, 14] of the distribution of their azimuthal
angle (φ):

dN

dφ
∝ 1 + 2

∞
∑

n=1

vn cos [n(φ− Ψn)] , (1)

where the first Fourier harmonic, v1, is termed directed
flow; v2 is termed elliptic flow; v3 is termed triangular
flow, etc. A wealth of information on the characteris-
tics of the QGP has been gained via studies of directed
and elliptic flow [15, 16], higher-order flow harmonics,
vn>2 [8, 17–20], flow fluctuations [21–23], and the corre-
lations between different flow harmonics [18, 24–29].

Anisotropic flow driven by the spatial anisotropy of
the initial-state energy density is characterized by the
eccentricity vectors [25, 30–33]:

En ≡ εne
inΦn ≡ −

∫

d2r⊥ rn einϕ ρe(r, ϕ)
∫

d2r⊥ rn ρe(r, ϕ)
, (n > 1),(2)

where εn =
〈

|En|2
〉1/2

and Φn are the magnitudes and

azimuthal directions of the eccentricity vectors, ϕ is the
spatial azimuthal angle, and ρe(r, ϕ) represents the initial
anisotropic energy density profile [33–35].

The v2 and v3 harmonics are, to a reasonable approx-
imation, linearly related to the initial-state anisotropies,
ε2 and ε3, respectively [6, 25, 36–42]:

vn = κnεn, n = 2, 3, (3)

∗
Deceased

where κn encodes the medium response which is sensitive
to the specific viscosity, i.e., the ratio of dynamic viscos-
ity to entropy density, η/s. Precision extractions of η/s
require reliable model constraints for initial-state eccen-
tricities and their fluctuations across a broad range of
beam energies and collision systems [43, 44]. Such con-
straints can be achieved via measurements of the flow
harmonics and the event-by-event flow fluctuations for
different systems and collision energies [45].

Flow fluctuations could arise from several underlying
sources. They could develop in the initial state due to
density fluctuations, during hydrodynamic evolution due
to dissipation, and during hadronization. The precise
role of the initial-state eccentricity fluctuations has at-
tracted considerable recent attention [46–48]. However,
the importance of the respective fluctuation sources has
not been fully charted.

The multiparticle flow harmonics vn{k}, for k=2,
4, and 6, obtained via multiparticle correlation meth-
ods [49, 50] can give direct access to the event-by-event
flow fluctuations [45, 51]. Consequently, extensive mea-
surements of vn{k} for different collision systems and
beam energies could help to disentangle the fluctuation
contributions from their respective sources, as well as es-
tablish whether flow fluctuations depend on the tempera-
ture, T , baryon chemical potential, µB, or both. It could
also provide unique supplemental constraints to distin-
guish between different initial-state models and reduce
the fluctuations-related uncertainties associated with the
extraction of η/s(T, µB).

In this letter, we use the multiparticle cumulants
method to extract flow harmonics vn{k}, for k=2, 4, and
6. These flow measurements are employed to estimate
the flow fluctuations in collisions of U+U at

√
sNN =

193 GeV, Cu+Au at
√
sNN = 200 GeV and Au+Au span-

ning the range
√
sNN = 11.5 - 200 GeV. The presented

measurements overlap with several prior measurements
[52–54]. However, they provide a unique data set that is
not only comprehensive but also derived from a consis-
tent analysis across the systems and beam energies pre-
sented.

The data reported in this analysis were recorded with a
minimum-bias trigger using the STAR detector [55], with
the low-energy Au+Au data being collected as a part of
the STAR Beam Energy Scan (BES-I) program. The
collision vertices were reconstructed using tracks mea-
sured with charged-particle trajectories detected in the
STAR Time Projection Chamber (TPC) in a 0.5 T mag-
netic field pointing along the beam direction (z-axis) [56].
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Events were selected to be within a radius r < 2 cm rel-
ative to the beam axis and within specific ranges of the
center of the TPC in the direction along the beam axis,
vz with the values ± 30 cm for U+U at

√
sNN = 193 GeV,

Cu+Au at
√
sNN = 200 GeV, and Au+Au at

√
sNN =

200 GeV, ± 40 cm at
√
sNN = 54.4, 39, 27, 19.6 GeV and

± 50 cm at
√
sNN = 11.5 GeV.

The collision centrality was determined via a Monte
Carlo Glauber calculation tuned to match the event-
by-event multiplicity measurements [52, 57]. Analyzed
tracks were required to have a Distance of Closest Ap-
proach (DCA) to the primary vertex of < 3 cm, and
to have more than 15 out of a possible 45 TPC space
points used in their reconstruction. Furthermore, the
ratio of the number of fit-points used to the maxi-
mum possible number of TPC space points was required
to be larger than 0.52 to remove split tracks. The
transverse momentum (pT) of the tracks was limited to
0.2 < pT < 4.0 GeV/c for charged particles and to
0.2 < pT < 2.0 GeV/c for the identified particle species.
Particle identification (for pi, K, p) is based on the com-
pound use of the ionization energy loss, dE/dx, in the
TPC, and the squared mass from the TOF detector.

The operational framework of the multiparticle cumu-
lant technique is given in Refs. [49, 58] and its extension
to the method of subevent cumulants is summarized in
Ref. [50]. Particle pairs, quadruplets and sextuplets were
selected in the range |η| < 1. The 2m-particle azimuthal
correlator is obtained by averaging over all unique com-
binations in one event, then over all events [58, 59]:

〈〈2m〉〉 = 〈〈ein
∑

m

j=1
(φ2j−1−φ2j)〉〉, (4)

to give the four- and six- particle cumulants as:

cn{4} = 〈〈4〉〉 − 2 〈〈2〉〉2 , (5)

cn{6} = 〈〈6〉〉 − 9 〈〈4〉〉 〈〈2〉〉 + 12 〈〈2〉〉3 . (6)

The non-flow contributions to the two-particle cumu-
lants, that typically involve particles emitted within a
localized region in η, can be mitigated via the two-
subevents method [50, 61]. The associated two-particle
cumulants can be expressed as:

〈〈2〉〉a|b = 〈〈ein(φa
1
−φb

2
)〉〉, (7)

cn{2} = 〈〈2〉〉a|b , (8)

where Eqs. (5)-(8) lead to the following cumulant-based
definitions for the two-, four-, and six-particle harmonic
flow coefficients vn:

vn{2} =
√

cn{2}, (9)

vn{4} = 4

√

−cn{4}, (10)

vn{6} = 6

√

cn{6}/4. (11)

The subevents method was used to evaluate the two-
particle cumulants for the non-overlapping η interval
|∆η| > 0.6 (i.e. ηa > 0.3 for sub-event a and ηb < −0.3
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FIG. 1. Comparison of the charged hadrons two-, four- and
six-particle elliptic flow, v2{k}, k = 2, 4, and 6, panel (a),
and the ratio, v2{4}/v2{2}, panel (b), vs. centrality, in the
pT range 0.2 − 4.0 GeV/c for Au+Au collisions at

√
sNN =

200 GeV; the range 1-5% is used instead of 0-5% [60] (see
text). The vertical lines and the open boxes indicate the re-
spective statistical and systematic uncertainties. The hatched
bands and dashed blue curve represent the model calculations
presented in Refs. [43] (Hydro-I) and [44] (Hydro-II), and the
eccentricity ratio ε2{4}/ε2{2} [44], as indicated.

for sub-event b), but not the four- and six-particle cu-
mulants due to the limited acceptance and statistics of
the measurements. Instead, ‘traditional’ four- and six-
particle cumulants were obtained via the method with
particle weights that reflect the efficiency and acceptance
correction [49, 58].

For a Gaussian distribution of the flow fluctuations,
the fluctuations contributions to the nth-order flow har-
monics can be written as [62–64]:

vn{2} ≈ 〈vn〉 + σ2
n/(2〈vn〉), (12)

vn{4} ≈ 〈vn〉 − σ2
n/(2〈vn〉), (13)

vn{6} ≈ 〈vn〉 − σ2
n/(2〈vn〉). (14)

Eqs. 12, 13 and 14 are also valid for other distribu-
tions in the limit that the variance σn << 〈vn〉. In
this work, the ratio between the four-particle elliptic
flow v2{4}, and the two-particle non-flow-suppressed el-
liptic flow, v2{2} at a given centrality, is used to estimate
the strength of the elliptic flow fluctuations’ relative to
the measured elliptic flow strength [44, 65]. Note that
v2{4}/v2{2} ≈ 1.0 indicates minimal, if any, fluctua-
tions whereas v2{4}/v2{2} < 1.0 indicates more signif-
icant fluctuations as this ratio decreases.

The presented measurements’ systematic uncertainties
are obtained from variations in the analysis cuts for event
selection, track selection and non-flow suppression; (i)
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FIG. 2. Comparison of the centrality dependence of v2{2} (a), v2{4} (b) and the ratio v2{4}/v2{2} (c), for different particle
species in the pT range 0.2 − 2.0 GeV/c for Au+Au collisions at

√
sNN = 200 GeV. The vertical lines and the open boxes

indicate the respective statistical and systematic uncertainties. The hashed band in (c) shows the results for charged pions
from Ref [43] (Hydro-I). The inset shows the ratio RK,p/Rπ (R = v2{4}/v2{2}) for the different particle species.

event selection was varied via cuts on the vertex posi-
tions determined in the TPC along the beam direction,
vz, to vz > 0 cm and vz < 0 cm. (ii) Track selection was
varied by (a) reducing the distance of closest approach
(DCA) between a track and the primary vertex, from
its nominal value of 3 cm to 2 cm, and (b) increasing
the number of TPC space points used from more than
15 points to more than 20 points. (iii) The pseudora-
pidity gap, ∆η = η1 − η2 for the track pairs, used to
mitigate the non-flow effects due to resonance decays,
Bose-Einstein correlations, and the fragments of individ-
ual jets, was varied from |∆η| > 0.6 to |∆η| > 0.8.

The ∆η cut does not entirely suppress possible long-
range non-flow contributions (e.g., jets in a dijet event),
which increase from central to peripheral events and de-
crease with beam energy. Estimates of the systematic un-
certainty due to this residual non-flow contribution can
be made via several techniques [66–69]. The peripheral
subtraction method [66], which assumes that the long-
range non-flow is independent of centrality, indicates un-
certainties that range from 1% in central collisions to 13%
in peripheral collisions at

√
sNN = 200 GeV, and are in-

cluded in the overall uncertainties. Due to the lower jet
yields for beam energies <∼ 63 GeV [70], the much smaller
associated uncertainties are not included in their respec-
tive overall systematic uncertainty estimate.

For identified particle species, the particle identifica-
tion cuts were also varied about their nominal values [71].
The overall systematic uncertainty, assuming indepen-
dent sources, was estimated via a quadrature sum of the
uncertainties resulting from the respective cut variations.
They range from 4% to 15% for v2{2} [72], 2% to 4% for
v2{4} and v2{6}, and 4% to 13% for v2{4}/v2{2}, from
central to peripheral collisions, depending on the beam
energy. The non-flow-associated uncertainty dominates
the overall uncertainty of v2{4}/v2{2} since the effects of
the other cut variations approximately cancel.

In Fig. 1 the pT-integrated two-, four-, and six-particle
elliptic flow (a) and the ratio v2{4}/v2{2} (b), are pre-
sented as a function of centrality for Au+Au collisions
at

√
sNN = 200 GeV. Note that the range 1-5% is used

instead of 0-5% [60] to ensure positive values for v2{4}

in central collisions. Further study is required to un-
derstand this sign change fully. Figure 1 (a) shows the
known characteristic centrality dependence of two-, four-
and six-particle elliptic flow, as well as quantitative agree-
ment between v2{4} and v2{6}. The difference between
the magnitudes for v2{2} and those for v2{4} and v2{6}
reflects the important role of the flow fluctuations. The
similarity between v2{4} and v2{6}, within statistical un-
certainties, is consistent with a Gaussian hypothesis of
the flow fluctuations. The ratio v2{4}/v2{2}, presented
in Fig. 1 (b), serves as a metric for elliptic flow fluc-
tuations; it shows the expected decrease in the mag-
nitude of the fluctuations from central to mid-central
collisions, reminiscent of the pattern observed for the
initial-state eccentricity fluctuations, ε2{4}/ε2{2} [44],
shown by the blue dashed curve. The hashed bands
in Fig. 1 represent the results from two hydrodynam-
ical model calculations [44, 73]. Hydro-I [43, 74] uses
an IP-Glasma [75] inspired initial-state in conjunction
with the UrQMD [76, 77] afterburner. It also imposes
the effects of global momentum conservation and the
local charge conservation. Hydro-II [44] employs the
TRENTO model [78] initial-state and does not include
the UrQMD afterburner. Both models show good agree-
ment with the v2 data in panel (a). The data-model
comparisons in Fig. 1 (b) indicate that Hydro-II [44] over-
predicts the measurements in mid-central and peripheral
collisions, but Hydro-I [43] is in good overall agreement
with the presented measurements. The hydrodynamic
model predictions contrast with the corresponding ec-
centricity fluctuations (dashed blue line) which appear
to under-predict the measured fluctuations in peripheral
events. The latter is to be expected if eccentricity fluc-
tuations are not the only source of the flow fluctuations.
However, possible residual non-flow contribution to v2{2}
could also contribute to this difference. Nonetheless, the
similarity between the centrality dependence of the ra-
tio ε2{4}/ε2{2}, and that for the v2{4}/v2{2} measure-
ments, suggests that eccentricity fluctuations dominate
the flow fluctuations in central and mid-central collisions.

The species-dependence of the flow fluctuations can
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give insight on possible contributions from other fluctua-
tion sources [47, 80]. Here, an essential point is that the
fluctuations generated during the hadronization of the
QGP could lead to a difference in the magnitude of the
fluctuations for different particle species. Figure 2 shows
a comparison of the measured centrality dependence of
v2{2} (a), v2{4} (b) and the ratio v2{4}/v2{2} (c), for
pions, kaons, and protons in Au+Au collisions at

√
sNN

= 200 GeV. The v2{2} and v2{4} measurements exhibit
the well known mass ordering for these particle species.

Figure 2 (c) compares the v2{4}/v2{2} ratios for pi-
ons, kaons and protons; they indicate that the magnitude
and trend of the flow-fluctuations are independent of the
particle-species. The effects of mass ordering, apparent
in Figs. 2 (a) and (b), are expected to cancel in these ra-
tios [44, 47]. Strikingly similar species independent pat-
terns can also be seen for the ratios obtained from the
Hydro-I calculations [73], shown by the hatched band
and the inset in Fig. 2 (c). A similar species independent
result is obtained for Hydro-II [44], albeit with differ-
ent magnitudes for the v2{4}/v2{2} ratios. A species
independent v2{4}/v2{2} ratio is expected if initial-state
fluctuations dominate over other sources of fluctuations.

The beam-energy dependence of the flow fluctuations
can give insight into possible fluctuation sources associ-
ated with the expansion dynamics. Consequently, the
flow and flow-fluctuation measurements were performed
for Au+Au collisions spanning the range

√
sNN = 11.5−

200 GeV. Figure 3 provides a summary of the centrality
dependence of v2{2} (a), v2{4} (b), v2{6} (c) and the
ratio v2{4}/v2{2} (d) for the respective beam energies as

indicated. Figures 3 (a) - 3 (c) show an increase with
increasing beam energy for the values of v2{2}, v2{4},
and v2{6}, that reflects the change in the expansion dy-
namics. However, for a given beam energy, the ratio
v2{6}/v2{4} = 0.995 ± 0.002 with a weak dependence
on centrality. These patterns could be a further indica-
tion for the Gaussian-like nature of the flow fluctuations
across the presented beam energies.

The v2{4}/v2{2} ratios shown in Fig. 3 (d) suggest
that within the given uncertainties, the flow fluctuations
are weakly dependent on the beam energy, if at all, ir-
respective of the collision centrality. The magnitude and
trend of these ratios are also comparable to those for
the LHC measurements for Pb+Pb collisions at

√
sNN =

2.76 TeV [79] and to the ε2{4}/ε2{2} ratios, in central to
mid-central collisions, shown in Fig. 1 (b). These results
suggest that the flow fluctuations associated with the ex-
pansion dynamics do not change substantially over the
beam energy range

√
sNN = 11.5 − 2760 GeV. The com-

parable magnitudes for v2{4}/v2{2} and ε2{4}/ε2{2}
also suggest that the initial-state eccentricity fluctua-
tions dominate the flow fluctuations encoded in the ratio
v2{4}/v2{2}.

Further knowledge on the fluctuation sources can be
obtained by comparing the measurements for collisions
of U+U, Au+Au and Cu+Au at similar collision en-
ergy. Here, it is noteworthy that the prolate deforma-
tion of uranium, the oblate deformation of Au, and the
asymmetry and system size for Cu+Au collisions, can
lead to different initial-state eccentricities for the same
centrality, especially in central collisions. Fig. 4 shows
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a summary of the centrality dependence of v2{2} (a),
v2{4} (b), v2{6} (c) and the ratio v2{4}/v2{2} (d) for
U+U (

√
sNN = 193 GeV), Au+Au and Cu+Au colli-

sions at
√
sNN = 200 GeV. Figures 4 (a) - 4 (c) provide a

clear indication that v2{2}, v2{4}, and v2{6} are system-
dependent and follows a system-size hierarchy with more
pronounced differences for Cu+Au. This system-size hi-
erarchy can be attributed to the system-dependent ec-
centricity hierarchy [81].

The v2{4}/v2{2} ratios shown in Fig. 4 (d), indicate
the expected decrease in the magnitude of the fluctua-
tions from central to peripheral collisions for all three
systems. However, in contrast to the energy dependence
shown in Fig. 3 (d), the system dependence of the flow
fluctuations is now apparent, albeit with a much smaller
difference between U+U and Au+Au than the difference
between Cu+Au and U+U or Au+Au. These results
point to an increasingly important role for flow fluctua-
tions as the system size is reduced.

In summary, we have used the two- and multiparti-
cle cumulants method to make comprehensive measure-
ments of two-, four-, and six-particle elliptic flow and flow
fluctuations in collisions of U+U at

√
sNN = 193 GeV,

Cu+Au at
√
sNN = 200 GeV and Au+Au for the range√

sNN = 11.5 - 200 GeV. The measurements show the
expected characteristic dependence of v2{2}, v2{4} and
v2{6} on centrality, system size and beam energy. The
elliptic-flow fluctuations extracted from these measure-
ments indicate more substantial fluctuations in more cen-
tral collisions, a dependence on collision system, and lit-
tle if any dependence on particle species and beam en-
ergy. Comparisons of these results to similar LHC mea-
surements, as well as to viscous hydrodynamical calcula-
tions and Glauber Model eccentricity ratios, suggest that
initial-state-driven fluctuations dominate the flow fluctu-
ations in the collisions studied. A complete set of model

comparisons to this comprehensive data set is needed to
flesh out the detailed initial- and final-state-driven con-
tributions to flow fluctuations. The mapping of such
contributions could serve to discern between different
initial-state models, as well as constrain the fluctuations-
related uncertainties associated with the extraction of
η/s(T, µB).
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