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Generating tensor polarization from shear stress
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We derive an expression for the tensor polarization of a system of massive spin-1 particles in a hydrodynamic
framework. Starting from quantum kinetic theory based on the Wigner-function formalism, we employ a
modified method of moments which also takes into account all spin degrees of freedom. It is shown that the
tensor polarization of an uncharged fluid is determined by the shear-stress tensor. In order to quantify this novel
polarization effect, we provide a formula which can be used for numerical calculations of vector-meson spin

alignment in relativistic heavy-ion collisions.
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I. INTRODUCTION

The observation of polarization phenomena in relativistic
heavy-ion collisions has opened a new direction of research
in the physics of the hot and dense nuclear matter [1,2].
The STAR Collaboration showed that A-baryons emitted in
noncentral nuclear collisions are spin polarized along the di-
rection of the global angular momentum [3,4]. This finding
provides the evidence that in the quark-gluon plasma parti-
cle spin polarization is triggered by rotation (as suggested
in Refs. [5-8]) in a way which resembles the time-honored
Barnett effect [9]. Despite early success in describing global
polarization data [8,10-16], discrepancies between theory
and experiment triggered big theoretical efforts both at the
phenomenological [17-30] and more formal level with the
formulation of relativistic spin hydrodynamics [31-68]. More
recently, experimental studies of the so-called spin alignment
of massive spin-1 particles such as ¢ and K*° mesons have
been also carried out [69-71]. The data shows that the spin
alignment is much larger compared to theoretical predictions
given by models based on the assumption of local equilibrium
[8]. This poses a new puzzle which is currently the subject
of intense work [72-80] for which, however, an established
solution is still missing.

In heavy-ion experiments, the spin vector polarization of
A-baryons can be directly extracted from the angular distri-
bution of their weak decay [3,4]. The case of massive spin-1
particles is different. First, it is important to note that the
polarization state of a vector meson is fully specified by
three parameters corresponding to the conventional vector
polarization and by additional five parameters called tensor
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polarization [81]. In fact, tensor polarization is a property
which characterizes only particles with spin higher than 1/2.
In general, vector and tensor polarization are independent
quantities and, therefore, one can have a spin-1 particle which
is tensor polarized and not vector polarized, and vice versa
[81]. In experiments, since for vector mesons only parity-
conserving decays are studied [69,70], the spin alignment only
gives information on the tensor polarization state.

In Refs. [82,83] it was shown that vector mesons emitted
from a thermalized medium are in general tensor polarized
even if the system is in global equilibrium without rotation.
Such tensor polarization is due to the imbalance between
transverse and longitudinal spectral functions [82,83]. In
this paper, we propose a different mechanism. We consider
an uncharged fluid composed of massive spin-1 particles
near local thermodynamic equilibrium. In our framework,
tensor polarization arises due the presence of shear stress
in the fluid. An intuitive explanation can be given only
based on parity arguments. Since tensor polarization is a
parity-even rank-2 traceless and symmetric tensor [81], in a
hydrodynamic framework it can only be proportional to the
shear stress tensor of the fluid at first order in deviations
from equilibrium. In this work we derive the expression for
the tensor polarization starting from quantum kinetic the-
ory for massive spin-1 particles. In order to calculate the
dissipative corrections, we use the method of moments. In
particular, we define new rank-2 spin moments which extend
the previous formulations for the spin-0 [84] and spin-1/2
cases [64].

Our notation and conventions are: a-b:=a"p,,
apuby = a,b, —a,b,, aubyy =a,b, +a,b,,
diag(+, —, —, =), €2 = —¢yp3:=1. The (th rank
projector onto the subspace of traceless symmetric
tensors orthogonal to the fluid 4-velocity u* [85] is
denoted as Af)‘l‘,‘,‘,‘jf“, and we write a projected tensor A as

Alsiepe) = AR1Re AVISVe
M Vy-Vp .
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II. KINETIC THEORY FOR VECTOR PARTICLES

Let us consider the Lagrangian for a Proca field V#* of
mass m,

,C = Fl< VTMVV;LV - h_VTMV ) + »Cinta (1)

where Ly is a general interaction Lagrangian. The fundamen-
tal object of quantum kinetic theory is the Wigner function
defined as [65,86-90]

v . 2 4 —ik-y/h
WH(x, k) = —(2nh)4h /d ye Y
X (VX +y/2V(x—y/2)), ()

where (: - - - :) denotes the normal-ordered ensemble average.
This Wigner transform of the two-point function defines a
quantum analog of the distribution function known from clas-
sical kinetic theory. Assuming that quantum effects are small
(meaning that the Compton wavelength of the particles has to
be small compared to a typical macroscopic length scale), one
can perform a so-called 7 expansion, i.e., write

W (x, k) = WO (k) + iW D (e k) + -, (3)
where the Planck constant acts as a bookkeeping parameter.
In the following, all results are derived from employing such
an expansion up to first order in 7. Note that in Eq. (2) the
momentum variable k is not necessarily on the mass shell.
However, one can show [44,91,92] that, to first order in
the 7 expansion, the off-shell terms cancel in the evolution
equation of the Wigner function, such that it is sufficient to
consider the part that is on shell. Considering the fact that
a charged vector field has 3 (complex) independent compo-
nents [93], it is evident that the Wigner function must have
nine independent degrees of freedom, while the remaining
seven components can be expressed in terms of these [65].
These degrees of freedom can be shown to consist of a scalar
(one component), a pseudovector (three components), and
a traceless symmetric tensor (five components). As shown
in Appendix A, the pseudovector degree of freedom can be
related to the vector polarization of the particles, while the
traceless symmetric tensor corresponds to the tensor polar-
ization. A convenient way to treat these nine independent
components in a compact fashion is to enlarge the phase space

Note that we have the following identities,
/dS(k) =3, de(k)s“s” = —2K™,

8
/ dS(OK}y s 5,5, = Kb &)
while the integral over any odd number of spin vectors van-
ishes. Here, K"V := g"” — kMk" /m? and Ky = 1/2K&K;>
1/3K*"K,, denote the projectors onto subspaces irreducible
with respect to the little group of k. We can then define a

scalar distribution function [65]
fxk, ) = H" (k, s )W " (x, k),

(6)

1 i ke 5
H™ (k,s) = —K"’ + 26/““‘3 s+ gK;‘;s“ﬁﬁ,

3
where W:L"She“ denotes the part of the Wigner function pro-

portional to §(k* — m?). It is important to note that, to first
order in the 7 expansion, the distribution function f(x, k, 5)
contains the complete information necessary to reconstruct
the full Wigner function. In the noninteracting case, the fol-
lowing inverse relation also holds:

Wl (x, k) = / dS(k)h,,, (k, )f (x, k, 5),
@)

k¢
hyo(k, 8) = =K, + 26“”0“3 5 —i—K"‘ﬂsa

Starting from the equations of motion for the vector field
that follow from the Lagrangian (1), it can be shown that
the evolution equation of the phase-space distribution function
reads [92]

k-df(x,k, s)=¢C[f], ®)

where

Cf] = /dl“l AT dT dS(k)Qrh)*$W(k + k' — ky — k)

XWIf(x+ A1 — Ak, s)f(x+ Ay — ALk, 57)
—fx+ A=Ak, 8 f(x, k,5)] )

and we introduced the (x, k, §)-phase-space measures

dU = dKdS(k), dK : d*ks(k* —m?).  (10)

= Qrh)

The transition rate is given by

by introducing an additional “spin” variable s [37], together nh)3 P )
with a respective measure W = 3—2M M hiyinh2,yam s,
3 H;“ + 7 11
dS(k) — _md458(52 +O'2)(S(k .5)’ 0,2 — 2 (4) X( & 0(5] & (XS[) ( )
207 while the vectors A, Ay, A, and A read
|
2 1 @nh)} in ,
A’lt = 3 W o 2m2MV1V25152M{1{2m T2 (hﬂ k ” — ki b, ” )hz )/znzhgzﬁzH{]Sw (12a)
2 1 2nh)® i
Ag = 3 W 77 MV1V25152M§1§2n1712h1 (hgnsz,yz _ kz,nth,VzM)hlgzazHé“lfsl , (12b)
2 1 2nh) i ) , ,
AM — 3 W o 2m2M)/|V25182M§1§ﬂ1n2h] o, Vznz(h M5zkéz _k(/szhgzﬂ)Hiltsl’ (12¢)
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21 Qrh) i
3W 64 2m?

A =

where we abbreviated /) := h(k;, s;) (and analogously for &,,
I, h, and H). The vectors (12) denote shifts in the particle
position from the point x, characterizing the nonlocality of the
collision. It has been shown in Refs. [37,91] that this nonlocal-
ity is essential to explain the spin polarization of particles, as it
introduces a nonvanishing orbital angular momentum into the
collision that can then be converted into spin, since the total
angular momentum is conserved. However, it will become
clear in Sec. IV that the tensor polarization of vector particles
does not depend on these nonlocalities, but arises from purely
local effects. In Egs. (11) and (12), M is the tree-level vertex
of the theory, and is related to the transfer matrix elements via

(k, k's 0, M| T |k, kos Ay, A2)
= e,V 0)es ™ (KNel (ke (k)M ™™, (13)

where, e.g., |k, ka; A1, A») denotes a two-particle state with
momenta (k;, ky) and spins (A1, A2), while € (k) is the po-
larization vector of a vector particle with momentum k and
spin A. Note that the form of the Boltzmann equation [Egs. (8)
and (9)] for binary elastic collisions closely resembles the
formulation presented in Refs. [37,91,94].

III. RELATIVISTIC HYDRODYNAMICS AND TENSOR
POLARIZATION

We consider an uncharged fluid with spin degrees of free-
dom and tensor polarization governed by the conservation

equations
3, T" =0, hys"* =T1H, (14)

where T*V is the energy-momentum tensor and S*HV is
the spin tensor. In this work we choose the Hilgevoord-
Wouthuysen (HW) pseudogauge up to first order in / [39,65],

T = /dr Kk f(x, k, 5),

ShI = / dr k"(ilé” -

where we defined XLV = —(1/m)e""*Pkysg.  The
(momentum-dependent) tensor polarization is given by

O (k) = lf ) / dz;k* / dS(KLyss” f(x, k. 5),
(16)

5 (15)
?k[“a”])f(x, k, s),

where the prefactor is defined in accordance with Ref. [81],
N(k) := f d Exk’\Ka,gW“ﬂ and d X, denotes integration over
a spacelike hypersurface, which, for example, can be taken

J

oo
8fis = fok Y ki -+
=0

)
nes,

MV1V25152M{152711'17h1 - thn n
V1M Y212

fasy (H" 5, ke, — s He, ™), (12d)

(

to be the freeze-out hypersurface. As will be shown later,
this quantity is related to the spin alignment measured in
experiments [69-71]. A derivation of Eq. (16) is provided in
Appendix A.

A. Moment expansion

In order to determine the dissipative corrections to the
tensor polarization, we extend the formalism developed in
Ref. [84] for spin-0 particles and in Ref. [64] for spin-1/2 par-
ticles to the case of spin 1. We split the distribution function
f(x, k, s) into a local-equilibrium and a dissipative contribu-
tion

fx, k,8) = feq(x, k, 5) + 8 fs, (17)
with the local-equilibrium part [91]

R
Seq(x, k, 5) == exp (_,BOEk - %e“”ﬂ‘f‘ﬂwkasﬁ) (18)

where Ey := k - u. Note again that Eq. (18) as well as all
calculations in this paper are valid up to first order in /. The
Lagrange multipliers for the four-momentum and total angular
momentum are given by Bou* and 2,,,, respectively, with B
being the inverse temperature, u* the fluid four-velocity and
€2,,, the spin potential. Since the tensor polarization is not
related to any conserved quantity, it does not appear in the
local-equilibrium distribution function. The deviation from
local equilibrium § fxs is first expanded in the spin variable
s*, where it is at most bilinear, cf. Eq. (6). Thus we can write

8 fis = fox (P — 5.8)" +5a55Kaﬁ$lw), (19)

where fox = exp(—pBoEk) is the zeroth-order equilibrium
distribution function. Here we assumed ¢, and & to be
orthogonal to the four-momentum and (in the case of &)
traceless, which can be done without loss of generality due
to the symmetries of s and K/ ; 5%sP [64]. Then, it is possible
to explicitly use these properties to eliminate the components
of ¢ and &' that are parallel to the fluid four-velocity u/,
obtaining

dfxs = fOk(¢k - 51)3\);/,;]? +5a5ﬂKaﬂ le ]fa)s (20)

where we defined the tensors

- L)
Sy = A;/.v + E2 )
1
— . - =6
DMU,OJ’B = (uuauvﬁ —|— uﬂﬂ uva) uﬂy yﬂaau B

@

with 82 := E*’E,, = 2 + m*/E;}. Expanding ¢, ¢ and &'
terms of irreducible moments, we find

Z Hl(((:;ﬁ)pr;lu---m _5UEVV~ Z Hl((ly{e)fn IANTSRETY: + 545 Kgf"’““’ Z Hl(;l)w(pa) e | (22)

(1)
nes,

nESLZ)
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Here Sé") denotes the set of moments of tensor-rank £ in
momentum and 7 in spin that are included in the theory, and
the irreducible moments are given by

prH = /dl"Eﬁk(’“ ...kW)aka, (23a)

TR /dl"E{;s“kw' o kM8 fes, (23b)

P / AT EKL s kU - kM5 fieg. (23¢)

Note that, as was the case in Ref. [64], due to the explicit
removal of redundant degrees of freedom [cf. Eq. (20)] only
moments orthogonal to the four-velocity in all indices enter
the expansion (22). Furthermore, we introduced the polyno-
mials

274+ 1N W(Z)
&+ - Za“)a“)Eq (24)

2]‘]‘ mn-"mq
meS(/) q=0

.0 ._
Hkn '_

where the coefficients a') are constructed via Gram-Schmidt
orthogonalization, cf. Ref. [84]. The normalization reads
W .= (=1)*/Ly.,, where we defined the standard thermo-
dynamic integrals

1 )
I, = ——— | dTE} "(E?
7 (2q+l)!!/ w (B

The rank-(2+¢) tensors in Eq. (23c) are new compared to
the previously developed hydrodynamic framework for spin-0
and spin-1/2 particles [64,84] and correspond to dissipative
degrees of freedom associated with tensor polarization, cf.
Sec. IV. Inserting Eq. (17) into Eq. (8), the Boltzmann equa-
tion takes the form

8 fxs + fox + EC 'k - Vfox + EC'k - Vi fies = EC'CLf],
(26)

—m?) foe.  (25)

which is the starting point for the derivation of the equations of
motion for the irreducible moments. For the purpose of this
paper the full set of coupled equations of motion is not needed
and we will only focus on the tensor-polarization moments
ylvmeoie Integrating Eq. (26) over [ dS(k)Ké‘;s“sﬁ, we ob-
tain equations of motion of the form

Ipr(uvx(m---m) _ Cf’f];)'(“""””

= O(Re™'g)lmvhsrre (27)
Here we used that de(k)Ké‘;s“sﬂfeq(x, k,s) =0, which
follows from Eq. (18). This implies that tensor polarization
vanishes in equilibrium up to first order in 7. The contribu-
tions from the last term on the left-hand side of Eq. (26)
to Eq. (27), denoted by O(Re~'d), correspond to quantities
linear in gradients of dissipative quantities, i.e., of first order
in the so-called inverse Reynolds numbers Re~!. Note that
the first term on the left-hand side of Eq. (27) is also of order
O(Re~'9). Furthermore, we defined the generalized collision
integrals

Crv i) / dTE{K}ys*s k- kMOe[f]. (28)
The explicit form of the right-hand side of Eq. (27) is of no
importance for the following discussion, since we will as-

sume that the tensor-polarization moments are given by their
Navier-Stokes values, which are determined by neglecting
contributions of order O(Re™'9) in Eq. (27). This is justified
since, in contrast to the components of the energy-momentum
tensor or spin tensor, the tensor-polarization moments are
not part of the conserved quantities (15). Therefore, it is not
necessary to treat them dynamically in second-order hydrody-
namics, and it is reasonable to expect that the Navier-Stokes
values will constitute the leading-order contribution, while
possible second-order terms would lead to small corrections.

B. Truncation

Since we expect the conserved quantities (15) to dominate
the evolution of the system on long time scales, it is reason-
able to take the irreducible moments appearing there as the
dynamical degrees of freedom of our theory. Decomposing the
energy-momentum tensor with respect to the fluid velocity u*
as

T = euu’ — A" (Py+I1) + ™7, 29)

where € is the energy density, Py is the isotropic pressure, I1
is the bulk-viscous pressure, 7" denotes the shear-stress ten-
sor, and imposing the Landau frame condition 7#"u, = eu*
as well as the matching condition u,u, T"" = u,u,Tq", we
identify the dynamical moments py = —(3/m*)I1 and p})” =
7", while p; = p, =0, p|" =0 [84]. Therefore, we have
S =S¥ = {0} and S\” = ¢!, while S{" = ¢ for n > 2.
In pr1nc1p1e the transport coefficients in the equations of
motion for py and p)” are modified through the coupling to
the tensor-polarization moments, known in the nonrelativistic
case as the Senftleben effect [95]. However, it is expected
that the modifications of both the conventional transport co-
efficients and the tensor polarization due to this effect are
small [95]. Furthermore, although the components of the spin
tensor should also be treated dynamically [64], we will not
consider them in this work since they do not couple to the
tensor-polarization moments.

The tensor polarization in Eq. (16), when integrated over
momentum space, can be expressed in terms of the irreducible
moments as

wuv A) )

OM = / dKN(k)®"" (k) = %\/g / dx; (u gy
(30)

In order to keep the degrees of freedom which enter the ex-
pression for the tensor polarization (30), we choose S(()z) = {1}

and S(z) {0} in the moment expansion.

IV. TENSOR POLARIZATION FROM SHEAR STRESS

Using the truncation procedure outlined in the prev1ous
section, the Navier-Stokes limits of Eq. (27) for r € S( )5
ply become

ci ™ = o. 31

"Due to the restriction to an uncharged fluid, we do not need to
consider the moment p}y related to charge diffusion.

013187-4
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FIG. 1. The coefficient & for the case of a four-point interaction,
1m (V V)2

When expressing these collision terms through the irreducible
moments, we note that, since in this work we only consider

J

parity-conserving interactions, all integrals over WV contain-
ing an odd number of spin vectors vanish [64]. This implies
that there is no coupling between the moments z/-#!"*#¢ and
ylv#iie The second equation in (31) immediately implies
1//8“ "1+ = 0 since there are no tensor structures with the ap-
propriate symmetries. On the other hand, the first equation in
(31) yields

Doy + Y DR o = 32)

neSBZ) nGS(O)

where we linearized the collision term (9), plugged it
into (28) and used the expansion for the distribution
function (22). Furthermore, we introduced the collision
integrals

1
0 ._ o p (2,0) ap (2,0) .o ff (2,0) .o f (2,0)
=3 / LK fow fore Auvias (M0 M + Miaiiissn Hion = Mo Min = Mo M )- (330)
D) = / [dK] for fore Me) (Hi ke, ooy + i ko, ik, = Hin K Koy — Mg P kiukay ) (33b)
with [dK] = dKdK>dK'dK and
1
M = 2(2nh)4 8Dk +k — ki — k) / [dS1dS (k) WK s*s”, (34a)
V. 1 / (=) o I
e = S Qe+ K — ki — ko) &P / [dS1dS(k) WKL 057 K" 1505, (34b)
[
Here, we defined [dS] = dS;(k1)dS>(k,)dS'(k')dS(k), and  reads at this point
K" denotes the symmetric traceless projector onto the sub-
space orthogonal to k; € {ki, ky, k', k}. Similarly, E 5 is the s _ . i’H,(O’O)H HOD, o b
tensor introduced in Eq. (21) with the momentum k replaced fis = o m2 k0 7tk Kk
by k;. A more detailed derivation of Eq. (32) is provided in
Appendix B. + EﬂOHlﬁ’O)sasﬂKﬁf E’“’n”") 37

Employing the truncation introduced in Sec IIIB in

Eq. (32) and using that p)y" = 7" yields
Y =& por, (35)
where
L DY)
S Bo C(O) (36)

denotes a coefficient that can only depend on the ratio of mass
over temperature mfy. With details relegated to Appendix C,
we plot the value of £ in Fig. 1 for the case of a simple four-
point interaction.

Equation (35) is one of the main results of this work,
showing that the Navier-Stokes values of the moments re-
lated to the tensor polarization are determined from collisions.
Furthermore, the value of the coefficient & is determined
solely by local collisions, i.e., the nonlocality of the colli-
sion term (9) has no influence on the tensor polarization,
provided that the interactions conserve parity. Note that, ne-
glecting the moments of first order in spin, the deviation of the
single-particle distribution function from local equilibrium

V. SPIN ALIGNMENT IN HEAVY-ION COLLISIONS

We now connect these results to the spin alignment
measured in experiments which, in turn, is related to the
00-element of the spin-density matrix p,;  [71]. In analogy
with Ref. [96], one obtains

[ dSok® O, ex
S [ ATkt e@nW, ex@n

P (k) = (38)

The derivation of Eq. (38) is provided in Appendix A. Since
we are interested in a diagonal element of the spin-density
matrix, with the corresponding polarization vector € O :=
(0,0,0, 1) being real, the antisymmetric part of the Wigner
function does not contribute. One can verify with the aid of
Eq. (16) that the 00-element of Eq. (38) is given by

1 2
poo(k) = 3 = \E DeOM (k). (39)

013187-5
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Using Eq. (37), we arrive at the final expression
1 4

2,0 0 -
[ dZak®E BofoxHy "€ Qe KL By P

poo(k) = =

where we used that there is no tensor polarization in local

equilibrium which follows from Eq. (18). The polynomials H

appearing in Eq. (40) read [84]
1 1 15 IpoEx — 1

0,00 _ 0,2) _ (2,0) _ 00LKk 10

Hig — M LY R IT _77

I’ Koo Ko 8 holyy — I
(4D
Equation (40) is the main result of our work which shows
how vector particles can become tensor polarized due to the
presence of shear stress. Since this effect is independent of
vorticity, one may choose a quantization axis different from
the global angular-momentum direction [69-71], where the
strength might be larger.
It is important to note that the expression (40) depends on
the details of the interaction between particles only through
the coefficient &.

VI. CONCLUSIONS

In this work, starting from quantum kinetic theory and
using the method of moments, we have shown that shear
stress can induce tensor polarization in an uncharged fluid.
This novel polarization mechanism is purely related to out-
of-equilibrium properties of the system and it is independent
of fluid rotation. Thus, one does not need to include nonlocal
collisions [37] since such an effect is not determined by the
conservation of total angular momentum. Our main result is
a formula which can be used for quantitative predictions for
vector-meson spin alignment in heavy-ion collisions using
hydrodynamic simulations. The present work can be extended
by relaxing the assumption of charge neutrality of the fluid.
In fact, particle diffusion will also contribute to the tensor
polarization. Furthermore, the method of moments discussed
here can be used to derive relativistic dissipative spin-1 hydro-
dynamics with dynamical spin degrees of freedom.

Note added. Recently, we became aware of a related study
[97].
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APPENDIX A: RELATIONS BETWEEN THE WIGNER
FUNCTION AND POLARIZATION OBSERVABLES

In this Appendix, we prove the relation of the spin-density
matrix to the Wigner function, following the same steps as
outlined in Ref. [96] for spin-1/2 particles. Furthermore, we
prove the relation between tensor polarization and the Wigner
function reported in the main text.

The spin-density matrix is defined as

(@l (kyas (k)

(k) = . (A1)
>, (@b (k)ag (k)
The goal is to relate the Wigner function
2 .
WHY , k) = — d4 —ik-y/h
0= = / e
X (V@ +y/2VI e —y/2))  (A2)

to the averages over creation and annihilation operators ap-
pearing in Eq. (A1). Expressing the fields in terms of creation
and annihilation operators

d’k
viw =iy [ s
) ; (27 h)?2K0
X [ H e M (k)ag (k) + €7 e O ()B] ()]

(A3)
and inserting them into the Wigner function, we obtain
W =W + W + W, where WL denote the particle
and antiparticle contributions, respectively (i.e., their associ-
ated momenta are timelike with k° > 0 or k£ < 0), while we

denotes the Wigner function whose momentum is spacelike.
These three quantities read explicitly

d3p d3p/
wy _
e ">——2§/ G | T

x 8Tk — (p+ p')/20e" P~ MM (p)

x € (p)al (p)ay (p)), (Ada)
d3p d3p/
W (x, k) = =2
-k ;/ Qrh)2p0 / Qrh)2p"
x 8Tk + (p+ p) 21"
x € (p)e @ ()b (p)BL(p)), (Adb)

d3p d3p/
W (x, k) = =2
s k) ;/ Qrhy2p0 | @rhy2p
% 5(4)[]( —(p— p/)/z][ei(P+P/)-X/h6*(U)M(p)
x € (p) @ (PIB], (p))+e TR ()
x € (p)as (p)by (P))], (Adc)
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where we employed that (: &, (p)a.,(p) :) = (al,(p)a, (p))
due to the bosonic nature of the particles. Using now that

/dE(,,k"‘Wf:”(x, k) Ek‘)/d3xwf”(x, k)
=Y 8K — m)HOK )" (p)e " ()@ (p)ag (p)

(AS5)

as well as the completeness and orthogonality relations of the
polarization vectors

eIl (k) = =8 Y €M (h)eM (k) = —K"”,
A
(A6)
we find the sought-after relation

(@} (k)ay (k)) = / ATk e WL (x, K)es™ k), (A7)

which lets us express the spin-density matrix of the
particles as

[ dZak P (WL (x, k)ex (k)
Y, [ AT kel W (x, kel @ (k)

P (k) = (A8)

J

2 2

O (k) = 1@ {le“"‘ﬂye“””k,‘;—k;Tr[DS([kD—'Dsuﬁy>DS<JPG)DS<[k])p(k)] + %K’”}-

Note that a similar relation holds also for the antiparticles.

In the next step we will relate the traceless symmetric
components of the Wigner function to the tensor polarization,
which is defined as [81]

OM (k) = %@T{(SWS‘”) + §KW> ,a(k)], (A9)

where p(k) is the spin-density operator restricted to the four-
momentum k*, and

A 1 A

S = —%e””aﬁjmpﬁ
denotes the Pauli-Lubanski operator divided by the particle
mass [39,96]. Here, J is the generator of Lorentz transfor-
mations, while P* generates space-time translations. From,
e.g., Eq. (14) in Ref. [96] we know that we can represent the
matrix elements of the operator S as

(A10)

(k, A 8" [k, \') = —ﬁe“”“ﬂkaSak])*DS(Jaﬁ)DS([k]),
(A11)

where D5(J*”) and DS([k]) are the spin-S representation
of the total angular-momentum operator and the standard
Lorentz boost to the four-momentum k*, respectively. From
this relation we can infer

(A12)

For massive spin-1 particles, we work in the (1/2,1/2) representation of the Lorentz group, where

DS (g ' = i(g38) — ghgh),

(DS Uy D oo )™ = g8h8yo + &8h 880 — €380 8yp — 8485850

(A13)

In a basis where the polarization vectors in the particle rest frame [i.e., the frame where k** = (m, 0, 0, 0)] coincide with the
cartesian axes €™ (k*) = —g"*, we can express the standard Lorentz transformation as

Inserting this into Eq. (A12) and using the spin-density matrix (A8) as well as the completeness relation (A6), we find

1/3 kak;,
0" (k) = _\ﬁ 2eHePY Pk 22 o KpnK + =K
2V 2 m2 SV s ke Ky W (k) 3

:ﬁ (KI'K} — K" Kyp)
2| e TS K, oW (x, k) | 3

P L

2 AT, kKo WL (x, k)

Translating this expression into integrals over spin space and abbreviating

DS (k)" = €M (k). (Al4)
[dS kW (x, k) 4 m}
[ds, kW (x, k) +gKW}
(A15)
(A16)

/dEkaKpan_w(x, k)=/d2yk’” /dS(k)f(x, k,s) = N(k),

we have

, 131 b
O (k) = EJ;W/dEka/dS(k)Kﬁﬂs sf f(x, k, 5).
(A17)

(

For completeness, we furthermore list the expression for
the vector polarization of spin-1 particles, which is defined as

SH(k) == Tr[S*p(k)]. (A18)
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Inserting the representation of the total angular momentum
operator (A13), we obtain

ky [ dT, kW, p(x, k)
m [ dS,k K,y W (x, k)’

which in extended phase space becomes

SH(k) = —etveP 2 (A19)

SH(k) = 1 / A,k f dS(k)s f(x, k,5).  (A20)
N(k)

APPENDIX B: DERIVATION OF EQ. (32)

Considering the definition of the irreducible moments of
the collision integrals (28), Eq. (31) reads explicitly

0=Cc = /dFK“" vshe

= % / [dT1dS ()R hY* 8Dk + k' — ki — k»)

x WKL s“sP[f(x+ A — A, ki, 51)
X flx+ Ay — Ak, 57)
—fx+ A = AK,sHf(x, k, 5)], (B1)

J

where we abbreviated [dI'] := dTI"1dI'»dI"’dT". Due to our
assumption that the interaction conserves parity, all integrals
over W weighted with an odd number of spin vectors vanish
[64], 1.,

/ [dS1dS(kyW s =0, (B2a)

f [dS1dS (k)W Ky 55l s = 0. (B2b)

From these identities we see that only the components
of the distribution functions which are proportional to either
zero or two spin vectors contribute to Eq. (B1). The nonlocal
shifts Ay, A,, A’, and A however are linear in the spin
vector s [94], which follows from Eq. (12) by considering
the symmetries of M together with the assumption that spin
effects are at least of order O(%). This implies that neither
the nonlocal part of the collision term nor the spin-dependent
part of the local-equilibrium distribution function (18) give
a nonvanishing contribution to Eq. (B1). Linearizing the col-
lision term in the deviations from equilibrium, inserting the
moment expansion (22), and using the conservation of linear
momentum, Eq. (B1) becomes

1 _
= / [dT1dS(k)Q2m ) 6Dk + k' — ki — k)W K" 5% fox fore

oo
0,0) 0,0) 0,0) (0,0)
x Z |: Z (Hkln k(l,m ok o)+ Hk]n k2 e .kz’f‘[ Hk’ k(M] - Hkn k(ﬂl : 'kllﬁ)prll“ e
t=0 L pes®
=¢ (2,0 =¢ 2,0
+ ) (515510K] 3, B H Ky - Ky + 52.552.0K0 0 B HE ki, -+ Ko
neS®
_ 5’}/53[(2’75 :’(an@ l)k/ k;/m _ 5},551()/5";7] fH(Z l)k kﬂﬁ))wép(r),m---m:|
oo
— (£) it (‘5) (o), {1+ pae)
=2 | D0 O P D () o (B3)
=0 nGSZO) HESU)
Here we defined
1 -
j7ay
(D}Q)M]mW =3 / [dTVdS(k) R h)*8® (k + k' — ky — ko)W K;*/;”sasﬂ for fox
0,0) 0,0) 0,0) (0,0)
X (Hkm kit ki + Mo ko, =+ ko) — Hign kz;u "'k:m — HO Ok, "'k;m), (B4a)
1 _
(1) s =5 / [dT1dS(k) Q@YD (k + K — ki — k)W KYs"s%” fou fore
=¢ (2,0 =¢ (2,0
% (s1.y815K] 5, B HE ki, kg + 82.505KY 5, B HE K, ko
178 rm @, e) = = VS mrn 2.0
— 5, 85K B H o K, Ky — By BsK ] Bl Ho ki, - k) (B4b)
Taking into account that in our truncation SEZ) = { for £ > 2, it follows that the tensors defined above must take the following
form,
(O (2) (N — 00
(Dln),“...w =D AZ:};“S 2 (Cln )pgm...m =Ci, A%‘va (BS)
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where we introduced the scalar coefficients

1 1
2) .__ (2)\HVY ©) .__ o (~O\HY
Dln = EA//:])M (Dln )IIIM’ Cln = gAﬁv (Cln )pa' (B6)
The form of the coefficients in Eq. (BS) follows from the fact that the tensors (Dﬁ?)ﬁ:’m e and (C fi))%, e have to be orthogonal

to u*, symmetric and traceless in the indices (uv), (i1 - - - t¢), and (in the latter case) (po). The only tensor structures made
from g"” and u* that fulfill these requirements are given by the irreducible projectors of second rank as shown in Eq. (BY).
Inserting Egs. (B5) and (B6) into Eq. (B3), we arrive at Eq. (32) in the main text.

APPENDIX C: CALCULATIONS FOR A FOUR-POINT INTERACTION

Considering a simple four-point interaction characterized by a dimensionless coupling strength G,
Lin = hG(V" - V)2, (@)
we compute the transfer-matrix elements at leading order [85,94]
R 1
(k, K0, MV T ke, kos M, da) = 7 (k, K52 212 Lin(0) = [k, ka3 A, Aa)

= 20G{[e;" (K )" (ki) ][ 5™ (k)PP (k)] + [ (K )P (k)] [e5 (K)e* P (k)] ). (C2)

where we used the free-field representation of the vector fields

d’k’ ,
VE0) =vh /—k eI C3
(0) Z TR (C3)
Recalling the relationship (13) between the vertices M and the transfer-matrix elements, we find
MM =22 G(g" 8" + ¢'g™). (C4)
Using the identities
/dS(k)h’“’(k,s) = K", (C5a)
/dS(k)H“”(k,s) = K", (C5b)
dS(KES 5,5, (k. 5) = SKP (C50)
up 5050 8) = 5Kip c
[ astomzgs,sa i o) = k2. (C5d)
we are able to perform the integrals over spin space in Eq. (34), obtaining
S wy o p (2nﬁ)3 V1v20182 pg8182mm2 / ny
[dS1dS(k)WK,,56%s" = TM M Ko yin Kayon, Kry5, Kz 5, (C6a)
c v o 8 (27Th)3 / v
f [dS1dSYWVK LG s"s7 K, sis] = <= MY PIRMASIEKY Ko 3 K KL (C6b)
_ oo o 8 2mh)? ; , y
/ (dS1dS UYWL s"s" K, 5587 = <= MY PIRMASIKy KT K KL (C6e)
. ) 8 2mh)? 78 oy
f [dSIdS(K)WKL 557 K] 55" = —%MW’Z‘S‘&M{‘ ENK o Ko KL KLY (C6d)
8 2mh)?

]‘4)/1)/25152M§1§2771?721(]Vn[(z)”7 / K;w pgKyzS (C6e)
Yim B2, am

IS v o S=t=n __
f (SIS L's"s” K158 = [

16 a8 ody”

Inserting the vertices given in Eq. (C4) into Eq. (C6), we perform the remaining momentum integrals (33) via slightly modifying
a method outlined in Chapter XIII of Ref. [85], which we now briefly outline.
The basic idea consists in separating the integrals in Eq. (33) into a sum of elementary collision integrals

Jebdel = / [dK1e™" (PP (Pr - ) (Q - '@ w)(=Q - @) 6Dk + K — ki — ko), €
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where the momenta k, k', k;, and k, can be expressed in terms of the total momentum Pr and the relative momenta Q, Q' via

1
K= (P + Q). (C8a)
, 1
K = E(P# - Q"), (C8b)
1 /
k' = E(P# + Q“), (C8c)
1 /
Ky = E(P# - Q“). (C8d)
Next we follow the steps in Ref. [85] and make use of the integral
*© b—1/2 i b
/ dy (y* = 22)" Pye = gt Z(—l)-f( ) Kisj 2p-a(2), (C9)
z =0 J
where Ki,(z) denotes the Bickley-Naylor function of order r [98]. The result for the basic integral (C7) then reads
. dte y
1673 min(d,e) >+ d+e +1
J(a,b,d,e,f) — —4—2a—b—d—e-2f K d, , f.2 2 -1 h
B G (d, e, g)o g . )b
o0
x / dv[vz _ (22)2](d+6)/2+f+102(071)+b+3Ki_},_d_e_2+2h(U), (CIO)
2z
where we introduced the following factors:
dle! .
K(d, e, g) = | @NdgrD =g NeFgrD! if (d —.g), (e — g) even, (Cl1a)
0, otherwise
£2e (B e e
o) Qg+ D (é)! if (f — g) even, (C11b)
0, otherwise.

The remaining task then consists in expanding the integrals
(33) as sums of the basic integrals (C10). Note that the tensors
EHY, E(’;‘; do not allow for a straightforward expression in
terms of polynomials of Pr, Q, and Q’. This is the case
because of the factors of energy appearing in the denominator,
leading to

(P + ") (P + Q")
Pr-u+Q up?

EV-V — AU«V +

: (C12)

(

and similarly for E!;. In order to bring these terms into the

form required by Eq. (C7) as well, we expand them around the
nonrelativistic limit (formally equivalent to taking the limit
k" ~ (m, 0)"), leading to

BEWY ~ AMY,

(C13)

DY A WY
Bap = Dgpe
The plot 1 is generated with this leading-order approximation,
which our tests suggest is reasonable for the covered values of
z, with accuracy increasing towards larger values of z.
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