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Intermediate Mass Ratio Inspirals (IMRIs) will be observable with space-based gravitational wave
detectors such as the Laser Interferometer Space Antenna (LISA). To this end, the environmental
effects in such systems have to be modeled and understood. These effects can include (baryonic)
accretion disks and dark matter (DM) overdensities, so called spikes. For the first time, we model an
IMRI system with both an accretion disk and a DM spike present and compare their effects on the
inspiral and the emitted gravitational wave signal. We study the eccentricity evolution, employ the
braking index and derive the dephasing index, which turn out to be complementary observational
signatures. They allow us to disentangle the accretion disk and DM spike effects in the IMRI system.

I. INTRODUCTION

The first direct detection of gravitational waves (GWs)
has opened a fundamentally new window into the Uni-
verse. The Laser Interferometer Gravitational-Wave Ob-
servatory (LIGO) has seen the first binary black hole
merger, and, together with the LIGO-Virgo-KAGRA
(LVK) collaboration, has already collected a sizable cat-
alogue of compact binary mergers [1, 2]. They allow new
and unprecedented tests of General Relativity and matter
at high densities [3, 4]. On top of that, there are several
space-based observatories planned such as LISA [5], Taiji
[6] and TianQuin [7], which will allow for the detection
of GWs at lower frequencies. For these observatories, ac-
curate waveforms have to be computed to maximize the
science yield [8].

While LVK mostly observes solar mass binary merg-
ers, space-based observatories will be able to detect Ex-
treme/Intermediate mass ratio inspirals (E/IMRIs). In
these systems, a stellar mass object inspirals into a super-
massive/intermediate mass black hole (S/IMBH). Several
IMBH candidates have been detected, but their origin,
evolution, and environment is not yet well understood
[9]. To observe these IMRI systems, the environmental
effects have to be understood first, as accurate waveforms
are needed for detection [8].

Meanwhile, dark matter (DM) as predicted by ΛCDM
has continued to elude detection [10, 11]. While its effects
are observed on large scales, such as structure forma-
tion, on small scales, the effects of dark matter are more
uncertain and a plethora of models has been proposed
[12]. Around IMBHs, on small scales, a dark matter halo
could grow adiabatically into a dark matter spike [13, 14].
These spikes have an extremely high local density com-
pared to the ambient DM density and would gravitation-
ally interact with any object passing through. During an
IMRI, the dark matter spike leaves its imprint by modi-
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fying the orbital evolution. This is one of several possible
environmental effects.

This has first been explored in [15, 16], where the au-
thors predicted a dephasing of the GW signal due to
dynamical friction with the DM spike [17]. If the sec-
ondary object is a black hole, it will accrete the DM as it
passes through the spike, which was first explored in [18]
and later in [19], where the accretion effects were found
to be subdominant to dynamical friction effects. Then,
[20, 21] looked at eccentric orbits, and found there to
be an eccentrification of the orbits. Afterwards, we have
argued in [22] that by including the phase space distri-
bution of dark matter particles, the system circularizes.
Other spike effects have been studied, such as periastron
precession[23, 24], halo feedback mechanism [25, 26], rel-
ativistic corrections to dynamical friction and spike dis-
tribution [27], and spikes around lower mass primordial
black holes [28].

Another source of important environmental effects is
the presence of (baryonic) accretion disks [29]. While
the existence of DM spikes around IMBH is still spec-
ulative, the existence of accretion disks around SMBHs
is supported observationally [30], and a strong argument
can be made for their existence around IMBHs as well.
The effects of the interaction between the secondary ob-
ject and the accretion disk in an IMRI can also affect the
inspiral. While interesting from a physical standpoint,
from the perspective of trying to detect dark matter,
these baryonic effects could mimick or dominate dark
matter effects, spoiling its detection. There have been
studies trying to map out disk effects in IMRIs[31–33]
and in this paper, for the first time, we want to com-
pare the environmental effects of accretion disks and DM
spikes. This allows us to estimate their relative strength
and observational signatures.

The motivation of this paper is to model IMRIs on
eccentric Keplerian orbits with GW emission, dynamical
friction with the DM spike, and gas interaction with the
accretion disk. We do not include all relevant effects,
such as halo feedback and relativistic corrections here,
but focus on comparing baryonic and dark matter effects
first. More expansive studies are left for future work.
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The structure of the paper is as follows. In section II,
we explain the theoretical framework to model the orbital
evolution of the IMRI and its GW signal. In section III,
we present numerical results, and discuss them in section
IV. Finally, conclusions are drawn in section V.

Throughout the paper we adopt geometrized units
with G = c = 1.

II. IMRI MODELING

The IMRI system consists of a central IMBH m1 and
a secondary object m2, both of which are assumed to be
Schwarzschild black holes. See Fig. 1 for a sketch. The
IMBH is surrounded by both an axially symmetric ac-
cretion disk, and a spherically symmetric DM spike. The
secondary is assumed to be on a Keplerian orbit around
the central mass. The system emits GWs and is subject
to environmental effects, such as those given by the inter-
actions with the DM spike and accretion disk. Through
these dissipative forces, the secondary loses orbital en-
ergy and angular momentum, leading to an inspiral. In
this section we present the theoretical background and
observational signatures.

A. Dark Matter Spike

To model the DM spike, we follow our previous pub-
lication [22]. The development and existence of DM
spikes has been discussed extensively in the literature
[13, 14, 26, 34].

We consider a system in which the IMBH m1 is as-
sumed to be surrounded by a static, spherically symmet-
ric DM spike. We describe the spike density around the
central mass by a simple power law [26]

ρdm(r) = ρ6

(r6
r

)αspike
, rin < r < rspike (1)

with the radius from the central mass r and the reference
radius r6 = 10−6pc. Following [14], the inner radius is
chosen to be rin = 4m1. The spike radius rspike is the
maximal radius of the spike, which can be obtained by
comparing the gravitational influence of the IMBH to
the total spike mass [16]. In this publication, we always
consider r � rspike.

The range of the power law index is 1 < αspike < 3,
but we focus on the αspike = 7/3 case in this paper,
which represents a halo grown from an Navarro-Frenk-
White (NFW) profile []. See [16, 22] for an exploration
of different power laws.

The dark matter particles in the halo can be described
by an equilibrium phase space distribution function f =
dN/d3rd3v, giving the number density per phase space
volume. Since the halo is spherically symmetric, f =
f(E), with E being the relative energy per unit mass

E(r, v) = Ψ(r)− 1

2
v2. (2)

Ψ(r) is the relative Newtonian potential. Close to the
IMBH, it is simply Ψ(r) = m1

r . For gravitationally bound
particles we have E > 0.

For a spherically symmetric density profile ρ(r), the
distribution function f(E) can be calculated by the Ed-
dington inversion procedure [35]. For the power law
spike, this gives

fspike(E) =
αspike(αspike − 1)

(2π)3/2
ρ6

(
r6
m1

)αspike

× Γ(αspike − 1)

Γ(αspike − 1
2 )
Eαspike−3/2 (3)

where Γ(x) is the Gamma function.
The density for a given distribution function can be

recovered through

ρ(r) = 4π

∫ vmax(r)

0

v2f

(
Ψ(r)− 1

2
v2
)
dv, (4)

where the escape velocity is given by vmax(r) =
√

2Ψ(r).
We ignore the relativistic effects on the dark matter

spike, derived by [14] and explored in [27] and leave them
for future work.

B. Accretion Disk

To model the (baryonic) accretion disk, we follow the
approach of [32]. We assume a radiatively efficient, geo-
metrically thin accretion disk model, employing the so-
called α and β disk prescriptions derived by Shakura &
Sunyaev [36], see [37] for a review. Here, radiatively ef-
ficient means that we assume the heat generated by vis-
cosity at any given radius is immediately radiated away.

The disks are parameterized by the viscosity parameter
α, which is estimated to be around α ∼ 0.01 − 0.1 [38].
The surface density Σ and scale height H of the disk are
then given by the parameterizations [32, 39]

Σα =5.4 · 103
( α

0.1

)−1(fEdd
0.1

0.1

ε

)−1(
r

10m1

)3/2

(5)

Σβ =2.1 · 107
( α

0.1

)−4/5(fEdd
0.1

0.1

ε

)3/5(
m1

106M�

)1/5

×
(

r

10m1

)−3/5
(6)

H =1.5

(
fEdd
0.1

0.1

ε

)
m1, (7)

where fEdd is the fraction of the Eddington accretion rate
that the central IMBH is accreting at, and ε describes
the efficiency of mass-energy conversion into luminosity
in the disk. We will assume fEdd = ε = 0.1 throughout
this paper.

The corresponding disk density is ρb = Σ/2H, and the
Mach number Ma = r/H. These disk models are valid
within approximately r ≤ 103m1 [40].
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FIG. 1: A sketch of the IMRI system with masses
m1 � m2, semimajor axis a, and eccentricity e inside

the DM spike ρdm and accretion disk ρb. Here, the true
anomaly φ = π − ϕ, such that φ = 0 is the pericenter,

and φ = π the apocenter.

C. Orbital Evolution

1. Keplerian Orbit

The secondary is assumed to be on a Keplerian or-
bit around the central IMBH. We ignore the additional
matter contributions by the spike and disk to the to-
tal and reduced mass µ of the Keplerian system and as-
sume m = m1 + m2, µ = m1m2

m . The mass ratio is
defined as q = m2

m1
. For the separations at play the sys-

tem is clearly gravitationally dominated by the IMBH,
and the total enclosed mass of the dark matter and
baryon distributions up to the location of the secondary
is much smaller than the mass of the central IMBH,
mdm(r = 105risco),mb(r = 105risco)� m1. Here, risco is
the radius of the innermost stable circular orbit, which
is risco = 6m1 for a Schwarzschild black hole. Accord-
ing to [23], the inclusion of the gravitational influence
of the spike distribution would primarily lead to orbital
precession, which we neglect in this paper.

The Keplerian orbit can be described by two parame-
ters, the semimajor axis a and the eccentricity e. For a
bound orbit, 0 ≤ e < 1, where e = 0 describes a circular
orbit.

The orbital energy is given by [41]

Eorb = −mµ
2a

, (8)

the angular momentum Lorb by

e2 − 1 =
2EorbL

2
orb

m2µ3
, (9)

and the mean orbital frequency by

F =
1

2π

√
m

a3
. (10)

Throughout one orbit, the radius and the velocity of the
secondary at the true anomaly φ is given by

r =
a(1− e2)

1 + e cosφ
, (11)

v2 =m

(
2

r
− 1

a

)
. (12)

2. Dissipative Forces

The secondary is assumed to lose energy on a secular
timescale that is much larger than the orbital timescale.
This assumption allows us to use the Keplerian orbits to
calculate the dissipative forces acting on the secondary.
Over many orbits, these lead to a change in the orbital
parameters. To model the dissipative forces, we use the
force F (r, v) depending on the separation r and the ve-
locity v of the secondary.

The energy and angular momentum loss for a given
dissipative force can be obtained by averaging over one
orbit with orbital period T [20],〈

dE

dt

〉
=

∫ T

0

dt

T

dE

dt
= −

∫ T

0

dt

T
F (r, v)v, (13)〈

dL

dt

〉
=

∫ T

0

dt

T

dL

dt
= −

√
ma(1− e2)

∫ T

0

dt

T

F (r, v)

v
.

(14)

These integrals can be calculated with the help of
Eqs. (11) and (12) and∫ T

0

dt

T
G(r(t), v(t)) = (1− e2)

3
2

∫ 2π

0

dφ

2π

G(r(φ), v(φ))

(1 + e cosφ)2
,

(15)
which is valid for an arbitrary function G(r, v) [41].

Therefore, for a given dissipative force F (r, v), we can
compute the energy and angular momentum loss either
analytically or numerically using Eqs. (13) and (14).

The specific dissipative effects considered here are GW
emission, dynamical friction with the DM spike, and gas
interaction with the accretion disk. Each can be modeled
as a force which leads to a loss of orbital energy and
angular momentum over secular timescales,

dEorb

dt
=

〈
dEgw

dt

〉
+

〈
dEdm

dt

〉
+

〈
dEgas

dt

〉
, (16)

dLorb

dt
=

〈
dLgw

dt

〉
+

〈
dLdm

dt

〉
+

〈
dLgas

dt

〉
. (17)
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Gravitational Waves The GW emission loss is given
by [41]〈

dEgw

dt

〉
=− 32

5

µ2m3

a5
1 + 73

24e
2 + 37

96e
4

(1− e2)7/2
, (18)〈

dLgw

dt

〉
=− 32

5

µ2m5/2

a7/2
1 + 7

8e
2

(1− e2)2
. (19)

Dynamical Friction with the DM Spike
The dynamical friction with the DM spike is given by

the Chandrasekhar equation [17, 25]

Fdm(r, v) = 4πm2
2ρdm(r)ξ(v)

log Λ

v2
(20)

with the Coulomb logarithm log Λ. Here, we adopt the
value log Λ =

√
m1

m2
[25]. The factor ξ(v) accounts for

the fact that the particles in the DM spike are moving
with different velocities relative to the secondary[25, 35],
because physically, DM particles only scatter and absorb
momentum from the secondary if they are moving with
a velocity that is slower compared to it.

To estimate the density of particles moving slower than
the secondary travelling at v, we can use Eq. (4)

ρdm(r)ξ(v) = 4π

∫ v

0

v′2f

(
Ψ(r)− 1

2
v′2
)
dv′. (21)

Baryonic Disk Interaction
There is a wide range of models for compact object

(CO) – accretion disk interactions. In this paper, we con-
sider and compare two different models from different ori-
gins, Type–I migration and dynamical friction with the
accretion disk. See section IVA for a discussion of appli-
cability. Here, we primarily want to give the equations
governing the two models.

The most commonly employed model originates
from planetary formation models and is called Type–I
migration[42]. In planetary migration models, the im-
portant quantity is the torque acting on the secondary
body. The equation for this torque is given by [42]

ΓType–I = Σr4Ω2q2M2
a, (22)

which can be translated into a force – the language of
our model – by

FType–I = ΓType–Iq/r (23)

The derivation assumes the creation of density wave reso-
nances in the disk by the secondary object, which causes
a negative torque on the perturber, and thus an inspiral.
Note that this equation is only valid for circular orbits.

The second model we look at is that of dynamical fric-
tion with the gas. To differentiate between the gas and
DM dynamical friction, we call this model Ostriker. The
friction force is given by [43, 44]

FOstriker = 4πm2
2ρb(r)

I

v2
(24)

with

I =
1

2

{
log 1−v/cs

1+v/cs
− v/cs subsonic

log
(
1− (v/cs)

−2)+ log Λ supersonic
(25)

Here, v refers to the velocity of the secondary object and
not the relative velocity between the gas and the sec-
ondary vrel. This is certainly an inaccuracy, but since
vrel < v for prograde orbits, 1/v2 < 1/v2rel means that
we consider a lower bound on the force. This model does
allow for non-circular orbits.

The quantities dEgas
dt ,

dLgas
dt in Eq. (16),(17) then refer

to either Type–I or Ostriker models, which will be made
clear wherever relevant.

3. Orbital Evolution

We want to obtain the secular evolution of the orbital
parameters a(t), e(t) under the backreaction of our dissi-
pative forces.

We use Eq. (8) to obtain

∂Eorb

∂a
=
m2m1

2a2
(26)

da

dt
=

dEorb

dt
/
∂Eorb

∂a
. (27)

Similarly, the evolution for e is derived from Eq. (9) as

de

dt
= −1− e2

2e

(
dEorb

dt
/Eorb + 2

dLorb

dt
/Lorb

)
. (28)

Combining Eqs. (27) and (28) with Eqs. (16) and (17),
we have a system of differential equations that can be
solved numerically.

D. Gravitational Wave Signal

The IMRI system emits GWs as a result of the change
in the quadrupole moment. The equations governing the
gravitational wave signal are given in [22]. Here, we want
to assume that we can measure a single IMRI system and
resolve its frequency evolution F(t). We want to explore
observational signatures and see if we can distinguish our
models.

1. Braking Index

For large masses or large initial semimajor axes, the in-
spiral might take t� 10yrs, making it difficult to observe
in its entirety. At the same time, at larger separations,
GW emission might be subdominant to other dissipa-
tive losses, which can dictate the frequency evolution.
A possible signature to consider is the evolution of the
orbital frequency F , which can be measured on shorter
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timescales [45, 46]. A useful quantity is the so called
braking index, which was first described in the context
of neutron star spin-down [47] but can be applied to any
signal with an evolution in time,

nb =
FF̈
Ḟ2

. (29)

As an example, when circular GW emission losses are
dominant, Ḟ ∝ F11/3 and therefore nb = 11/3 [48].

Relating this to the semimajor axis with Eq. (10), we
have

nb =
5

3
− 2

3

aä

ȧ2
. (30)

Following the approach of [22], if we model a dissi-
pative force as F ∼ rγvδ, we have, to second order in
eccentricity

aä

ȧ2
≈k1 + 2ae

de

da

(
1/2− k1
1− e2 +

k2
1 + k2e2

)
(31)

with k1 =2 + γ − δ + 1

2
,

k2 =(3 + γ2 + γ(3− 2δ)− 2δ + δ2)/4

See appendix A for a more detailed computation.
Therefore, in the circular case (e = 0), if a given dis-

sipative force dominates the inspiral, the braking index
will be this simple algebraic combination of parameters.
For eccentric inspirals, a measurement of the braking in-
dex and the eccentricity evolution de

da allows to determine
the dissipative force parameters γ and δ that dominate
the inspiral.

2. Dephasing

For smaller orbital separations, the IMRI is dominated
by GW emission loss. To observe the effect that a sub-
dominant dissipative force F has on the evolution, we
can look at the dephasing. To this end, we compare the
number of GW cycles completed in the cases with and
without this force present, following [25]. We can do this
for each harmonic individually between some initial time
ti and final time tf with

N(tf, ti) = 2

∫ tf

ti

F(t)dt. (32)

Setting tf = tc as the time of coalescence, we obtain

∆N(t) = Nvacuum(tc, t)−Ntot(tc, t). (33)

where Nvacuum is the phase accumulation where just GW
emission is driving the inspiral, and Ntot is the phase
accumulation of a system where GW emission and an-
other environmental effect – that we will mark by the

letter F – is present. The dissipative forces are ad-
ditive, such that the frequency evolution can be writ-
ten as Ḟtot = Ḟvacuum + ḞF . When the GW emis-
sion is dominant, we can approximate this such that
Ḟtot = Ḟvacuum(1 + ε), where ε = ḞF

Ḟvacuum
. This gives

us the second derivative of the dephasing

d2∆N

dt2
= Ḟvacuum − Ḟtot = εḞvacuum. (34)

In the circular case, Ḟvacuum ∼ F11/3
vacuum, and a calcu-

lation of ε gives

ε ∝ F−2−2k1/3vacuum (35)

assuming our dissipative force has the form F ∼ rγvδ as
in the previous section. See appendix A as well.

This results in the amount of dephasing being accumu-
lated

∆N ∝ F (11−2k1)/3
vacuum . (36)

Since Ftot(t) ≈ Fvacuum(t), a measurement of

nd ≡ Ftot
d∆N

dFtot
/∆N ≈ 11− 2k1

3
(37)

what we will call the dephasing index, could reveal the
power law behavior of the dephasing that is accumulated,
and therefore the dissipative force at play.

III. RESULTS

In this section, we present the results from the numer-
ical integration of the system of differential equations de-
rived in sec. II C. The equations have been implemented
in python and numerically solved. The code is pub-
licly available at: https://github.com/DMGW-Goethe/
imripy.

A. Accretion Disk Only

As a point of comparison, let us first consider an IMRI
system with m1,m2 = {105M�, 1M�}, in which the cen-
tral mass is surrounded by an accretion disk. We model
an α and a β-disk with the parameters α = 0.1. In Fig. 2
we plot the density close to the risco.

We first want to compare the dissipative force models
Type–I and Ostriker. To get an estimate of the rela-
tive impact of the forces, we plot the relative semima-
jor axis loss for the forces involved dEforce

dt /∂Eorb
∂a , assum-

ing circular orbits at a given radius. Close to risco, the
dominant force is the GW emission loss. The accretion
disk effects become dominant for r & 10− 100risco. The
steeper power law in the density of the α disk com-
pared to the β disk is reflected in the power law be-
havior of the energy loss curves. It can be seen that

https://github.com/DMGW-Goethe/imripy
https://github.com/DMGW-Goethe/imripy
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models α and β around the IMBH with m1 = 105M�.
Bottom: The relative impact of the three dissipative
forces: GW emission loss, Type–I, and Ostriker for the
two different disk models for a circular orbit at the

given radius.

the Ostriker losses are 103 − 104 orders of magnitude
larger that the Type–I losses around the crossing with
the GW losses r ∼ 10−100risco. At larger orbital separa-
tions the differences decrease. Unfortunately, the region
r ∼ 10 − 100risco is crucial to understand when mod-
eling an inspiral, so a difference this large invokes huge
uncertainties. See section IVA for further discussion.

1. Circular Inspiral

To see the impact this has on an inspiral and
the frequency evolution, see Fig. 3. There, we
model a circular inspiral with parameters m1,m2, a0 =
{105M�, 1M�, 500risco}. In the top plots, the semimajor
axis is plotted against time. The different magnitudes
of the forces result in different timescales, with Ostriker
inspiraling orders of magnitude faster compared to the
Type–I model. Due to the higher density of the α disk
at the most relevant separations, its inspiral is also faster
compared to the one of β disk. For the Ostriker + α disk
model, the semimajor axis, and with it the frequency evo-
lution, significantly changes on the order of ∼ 10 years,
which would probably make the frequency evolution in
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FIG. 3: Top: The evolution of the semimajor axis a for
5 different models, in a vacuum, in α or β accretion
disks, with Type–I migration or Ostriker dynamical

friction interaction. Bottom: The dephasing,
dephasing index, and braking index as a function of

frequency during the inspiral.
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this regime observable.1
In the second plot, which shows the dephasing amount,

this trend is actually reversed. Here, the dephasing ef-
fects are stronger for the β disk at late times, due to the
crossing in relative impact seen in Fig. 2 at small sep-
arations. For the Type–I interaction, the dephasing is
far below one in the last 5 years of inspiral, which indi-
cates that these effects will probably not be observable
for these parameters. For the Ostriker model, the de-
phasing (∼ 100) would also hardly be observable over a
5 year period.

Nevertheless, if the effects were to be observable, the
dephasing index, shown in the third plot, would clearly
distinguish between the forces. The lines are shown until
∆N < 10 and they clearly converge to the value given by
Eq. (37) for the different models. Complementary, the
braking index, shown in the fourth plot, initially starts
out at the value given by Eq. (31) for the different models
and converge to the value given for the GW emission loss.

The two plots of the braking and dephasing index
clearly reflect the different regimes that the inspiral is
subject to. Early in the evolution – for low frequencies –
the braking index is constant with the expectation given
by Eq. (31). Then, as the object inspirals and GW losses
become important, the braking index moves in between
these values and approaches the nb = 11/3 value at later
times. At the same time, the approximation used to de-
rive Eq. (37) becomes accurate, and the lines start to
converge to the appropriate values. The two indices are
clearly complementary observational probes.

Comparing the two CO accretion disk interaction mod-
els, while these results are certainly not sufficiently real-
istic, there stark contrast allows to make some inferences.
If the Ostriker description is close to reality, the inspi-
rals will most likely be much faster and possibly have
observationally relevant effects. On the other hand, for
the Type–I model, the inspirals will be more difficult to
observe.

Nevertheless, due to the nature of either forces as seen
in Fig. 2, their effects would probably be more observable
at larger separations.

2. Eccentric Inspiral

If we allow for some small initial eccentricity e0 =
0.001, we see a very different behavior. The eccentric-
ity evolution is plotted in the second plot of Fig. 4, and
the temporal evolution is from right to left, from large
semimajor axis to risco.

First, the Type–I migration model is only valid for cir-
cular orbits and breaks down for eccentricities > 0.001.

1 For our values of a0 = 500risco ∼ 3 ·103m1, we are at the edge of
the validity of Eq. (5), so this effect might be exaggerated. Nev-
ertheless, the trend seems to continue into the range of validity
and warrants further inspection.
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FIG. 4: Top: The evolution of the semimajor axis and
eccentricity for 5 different models, in a vacuum, in α or
β accretion disks, with Type–I migration or Ostriker

dynamical friction interaction. Bottom: The
dephasing, dephasing index, and braking index as a

function of frequency during the inspiral.
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The small eccentrification seen in the Type–I model is
most likely an artefact of the model being extended too
simply to eccentric orbits and not physical [49]. How-
ever, the eccentricity evolution of the Ostriker model is
of interest. In both α and β disks, the eccentricity in-
creases, as dynamical friction tends to do. Of note are
the different scales of the plots, the eccentrification is
much stronger for the α disk. This can be understood
with the condition derived in [22]. For F ∼ rγvδ, the
eccentrification is proportional to de

dt ∼ (1 − δ + γ). For
dynamical friction δ = −2, for the β disk γ = −3/5,
while for the α disk γ = 3/2. So the density distribu-
tion acts as an eccentrification moderator in the β disk
case, while the α disk density distribution enhances the
eccentrification effects.

The strong eccentrification for the α disk also has an ef-
fect on the dephasing. Higher eccentricity means stronger
GW emission loss, so eccentricity increases the inspiral
rate, and therefore the dephasing. The dephasing at the
5 year line increases by a factor of 102 − 104 in the two
models. Also, the dephasing index converges to a differ-
ent value, as Eq. (37) was derived for a circular GW loss
dominated inspiral. The different value is now due to the
eccentricity increasing the inspiral rate. To tease out the
accretion disk effects, one would need to expand Eq. (37)
to eccentric GW loss inspirals.

Similarly, the breaking index is affected by the eccen-
tricity. This is due to the de

da term in Eq. (31), whose be-
havior causes the small spike seen the last plot in Fig. 4.
Here, the braking index approximation would allow a
measurement of γ, δ and therefore the profile of the disk
(α disk with ρb ∼ r3/2) and nature of the interaction
(dynamical friction with δ = −2).

We can conclude that by modeling the eccentric behav-
ior it allows us to detect the environmental effect through
the larger dephasing at late times, and additionally ex-
tract accurate information about the environmental ef-
fect via the braking index at early times.

B. Accretion Disk + DM spike
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FIG. 5: Top: The density ρb of the two accretion disk
models α and β and the DM spike ρdm around an
IMBH with m1 = 105M�. Bottom: The relative

impact of the four dissipative forces: GW emission loss,
DM dynamical friction, and Type-I and Ostriker for the

two different disk models for a circular orbit at the
given radius.

In the following section, we add a DM spike into the
picture. For the spike we take the parameters ρ6, αspike =
{5 · 1017M�/pc3, 7/3}.

First, we add the DM distribution and relative impact
to the previous comparative plot in Fig. 5. It can be
seen that the DM impact is on par with the Ostriker
model in the regime r ∼ 10 − 102risco, but does not rise
like the accretion disk effects. At smaller separations, it
is subdominant to the GW loss, but stronger than the
accretion disk effects.

To reduce the number of models, we focus on two com-
binations: The strongest effects are expected for Ostriker
+ α disk, while the weakest effects are with Type–I + β
disk. To get an idea of the possible relative impacts of
DM spike vs accretion disks, we want to compare these
combinations.

1. Circular inspiral

To this end, the evolution for a circular system with
m1,m2, a0 = {105M�, 1M�, 500risco} is plotted in Fig. 6.
The results seem to be as anticipated. The fastest inspiral
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FIG. 6: Top: The evolution of the semimajor axis a for
6 different models, in a vacuum, with a DM spike, and
α disk+Ostriker and β disk + Type–I interaction with
and without a DM spike. Bottom: The dephasing,
dephasing index, and braking index as a function of

frequency during the inspiral.

is for Ostriker + α disk + DM spike, while the addition of
the DM spike barely matters for the inspiral time, as Os-
triker + α disk is the dominant dissipative force initially.
This can be seen in the braking index, where the evo-
lution is dominated by its value. The dephasing on the
other hand is clearly dominated by the DM spike. This
can be understood by looking at Fig. 5. The dephasing is
accumulated where GW emission loss dominates, which
is also where the relative impact of the DM spike is much
stronger than the accretion disk effects.

The slowest inspiral (ignoring the vacuum case) is for
Type–I + β disk. The addition of the DM spike clearly
dominates this model. Still, at early times, the braking
index would dominate the DM effects as inferred from
Fig. 5, but not for the range of radii seen here.

Overall, even though there are large modeling uncer-
tainties, this implies that accretion disk and DM spike
effects have different regimes of dominance, and could
therefore be distinguished in an actual observation. DM
spike effects are significant at small separations, while at
large separations, accretion disk effects dominate. This
is reflected in the braking and dephasing index.

2. Eccentric inspirals

We now want to look at the orbital evolution allowing
for eccentric orbits. To this end, we look at different
initial eccentricities with e0 = {10−4, 10−2, 10−1}. The
same caveats as described previously apply to the Type–I
migration model, so we will not comment on this model.
The results are shown in Fig. 7.

What can be seen again are the strong eccentrification
effects of the Ostriker + α disk model. For small initial
eccentricity e0 = 10−4 the moderating effects of the DM
spike as explored in [22] can be seen. For higher initial ec-
centricity, the influence of DM is too weak initially, so the
eccentricity (almost) saturates e→ 1. The higher eccen-
tricity also means stronger GW emission, which speeds
up the inspiral, causing very large dephasings for the Os-
triker + α disk model. There is competition between two
effects described previously: DM causes circularization
while also generally causing higher dephasing, whereas
the Ostriker + α disk model causes eccentrification and
more dephasing through this. The flip can be seen in the
comparison between the dephasing plots of e0 = 10−4

and e0 = 10−2.
What can be observed is the breakdown of the differen-

tiation power of the dephasing index. Where eccentricity
dominates, the models cannot be distinguished through
the dephasing index. We would need better modeling of
the circularization effects of the GW emission to pick out
the forces involved.

Overall, this reinforces the idea that the inspirals might
be very eccentric if the Ostriker + α disk model is ac-
curate. The inspirals would be much faster and possibly
within the lifetime of a spaceborne GW observation mis-
sion.
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The initial eccentricity of the secondary most likely
depends on the origin, whether it formed in-situ in the
accretion disk, or whether it was captured [50]. The re-
sults here suggest that these different origins could be
distinguished through the strongly different observational
signatures.

3. Varying Central Mass

We now want to compare different central masses of
the massive black hole to compare the impact in differ-
ent regimes, therefore we vary m1 = {103, 104, 105}M�.
According to Eq. (5) and 6, the disk profiles change along
withm1. To allow for a fair comparison we vary the spike
density ρ6 = {5·1015, 5·1016, 5·1017}M�/pc3 along with
m1.

Unfortunately, the models we employ here begin to
break down for larger mass ratios q > 10−5. For ex-
ample, halo feedback processes actually become impor-
tant for the dynamical friction with the DM spike[25, 26],
which we do not model here. Also, Type–I migration re-
quires a smaller mass ratio, see sec. IVA for a discussion.
Nevertheless, we still believe there is value in these plots
as we will discuss in the following.

Our results are plotted in Fig. 8. It can be seen that the
relative strength between the DM spike and the accretion
disk effects does not change for central mass. The most
prominent difference is the time of inspiral and the fre-
quency range. The effects of the models are qualitatively
the same, just shifted to the new frequency region and on
a faster timescale. This implies that the detectability of
these effects increases for smaller m1 for the limited life-
time of a spaceborne GW observatory mission. We can
see that the dephasing effects increase by many orders of
magnitude for the last 5 years of the inspiral.

So even though these models break down, this is the
region where a naive extension predicts much stronger
observable effects. Therefore, we see a strong motivation
to model this region of mass ratios and to better under-
stand the forces involved. We leave this for future work.
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IV. DISCUSSION

A. Type–I migration vs Dynamical Friction in the
Accretion Disk

In this subsection we discuss the applicability of the
models we employ for the CO – accretion disk interaction.

The Type–I torque model originates from protoplan-
etary disk models, where the mass ratio is sufficiently
small, q < 10−4. In this regime, linear perturbation the-
ory describes the protoplanetary system very well[51],
and is supported by numerical simulations [42]. For
larger mass ratios, or larger COs, that have a size com-
parable to the disk, a gap can form in the accretion disk,
reducing the torque experienced by the secondary. This
is dubbed Type–II migration.

Since the physics primarily depends on the mass ratio,
an argument for the applicability of Type–I can be made
for IMRIs, where q � 1. While the complete picture is
more complicated, simulations have shown that this is a
decent approximation to an order of magnitude for IMRIs
[31, 52]. This model has been studied in the context of
E/IMRIs in several previous publications[29, 32, 33, 40,
53]. Additionally, [40] has argued that – in AGN – both
migration types can appear during an inspiral. Further
out in the orbit, the tidal field of the secondary would
dominate over the central SMBH, and clear a gap. At
some crossover radius, the tidal influence diminishes so
that the secondary cannot clear a gap anymore, and the
inspiral is dominated by Type–I. See [31] for a discussion
of how the torque can change during an inspiral in IMRIs.

The other model that is commonly applied to these sys-
tems, is that of dynamical friction, which we have previ-
ously referred to as Ostriker. Here, the secondary creates
a wake behind itself in the orbit and the resulting gravi-
tational interaction slows it down [35]. Ref. [54] derives
that this model is relevant for a hypersonic secondary
(v2 � c2s) in thick disk models, in which it is completely
embedded inside the disk. The model is typically used
for eccentric orbits [44, 55, 56] but is not strictly neces-
sary [57, 58]. Simulations show that dynamical friction
is an accurate approximation for a point like secondary,
e.g. a black hole, as long as it is completely embedded
in the disk and the mass ratio is small enough q . 10−5

[56]. Even though we have used a thin disk description
here, the secondary might be sufficiently small to be com-
pletely embedded, i.e. the Roche radius is smaller than
the disk rroche � H.

Comparing the two models, [57] points out that they
are closely related. The forces are proportional by a fac-
tor of FOstriker/FType–I ∝ (r/H), which comes down to
the differential torque [59]. This is the difference between
the inner and outer torque on the secondary in orbit.
Type–I migration modeling is sensitive to this torque,
while dynamical friction in the local ballistic approxima-
tion is not. This is analogous to including tidal forces
acting on the secondary [57]. This can be seen in Fig. 2,
where the difference is a scaling in r (since H ∼const

here). The difference becomes more pronounced for small
r, which is unfortunately where the effects are most pro-
nounced in an observable inspiral. Ultimately, whether
these differential torques are relevant depends on multi-
ple factors, such as the density gradient of the disk, the
gravitational size (i.e. Roche radius) of the secondary,
its direction and speed relative to the disk. While there
is numerical support by simulations for both models,
each simulation has a limited range of applicability and
caveats.

The conclusion in this discussion can only be that more
study is needed to assess which effects are most relevant
at these scales.

B. Comparison between different environmental
effects

Understanding the different environmental effects in
E/IMRIs is of great importance to maximize the science
yield of future space based GW detectors [8, 29].

The two possible environmental effects we have ex-
plored and compared are (baryonic) accretion discs and
DM spikes. For simplicity, we also have focused on a
single DM spike model.

The results seem to indicate that DM spikes and ac-
cretion disk effects dominate at different times in the in-
spiral. At early times and larger separations, accretion
disk effects dominate, while at late times and small sepa-
rations, DM spike effects are stronger. These regimes are
reflected in the different braking and dephasing indices.
Another factor is the circularization effect of DM spikes,
explored in [22], which competes with the eccentrifica-
tion effect of the Ostriker model. This can influence the
inspiral even if DM is subdominant. From these initial
considerations we would carefully conclude that the en-
vironmental effects can be distinguished and – from the
perspective of trying to detect DM – the accretion disk
effects are sufficiently different and not superdominant
as to allow a detection. If both accretion disks and DM
spikes are common around IMBH, some IMRIs should
should reflect the accretion disk effects while they are at
large distance, while others could reflect the DM spike
influences when they have smaller separations.

One aspect left unexplored is that of halo feedback.
As the secondary loses energy and angular momentum
to the DM spike, it can actually significantly deplete
the spike locally [25]. This effect is more prominent for
larger mass ratios q & 10−4. We chose our parameters
(m1 ∼ 105M�) such that for most of the systems ex-
plored in the previous section, halo feedback would be
negligible. The results where m1 < 105M� should be
taken with a grain of salt. As explained previously, the
same relative impact between the forces appeared for dif-
ferent m1, which would break down with the inclusion of
halo feedback. But we can make some inferences what
including halo feedback processes would mean for the
model. For example, if DM dynamical friction would be
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the dominant force, the reduction in the DM density due
to the halo feedback might increase the relevance of the
accretion disk effects. On the other hand, if the accretion
disk effects significantly dominate and the halo feedback
timescale is larger than that of the accretion disk effects,
halo feedback might be less relevant. Overall, the DM
spike influence would be harder to observe. We leave
these considerations for future studies.

C. Observational Signatures

While there are large modeling uncertainties in these
systems, fortunately the observational signatures differ
between these models. For late time inspirals, where the
GW emission dominates, the dephasing is a tool to ob-
serve the environmental effects[29]. The amount of de-
phasing and the speed at which it is accumulated depends
on the dissipative force. If the derivative of the dephas-
ing accumulated can be measured, the dissipative force
can in principle be identified by the dephasing index, as
given by Eq. (37).

For larger separations of the secondary, an inspiral
might still be too far off to be observable within the mis-
sion lifetime, considering the timescales involved. At the
same time, for larger separations environmental effects
would dominate over the GW emission loss, dictating the
frequency evolution. If the evolution of the frequency is
observable, i.e. the second derivative F̈ is measurable,
the braking index can be used to differentiate between
environmental effects as well. According to Eq. (31), dif-
ferent dissipative forces can result in different frequency
evolutions. Depending on the physical expectations, the
forces involved can be inferred. If at the same time the
eccentricity evolution can be measured, the specific force
can be pinned down.

The observability of the second derivative was esti-
mated in [45] and the braking index for inspiraling bina-
ries in a common envelope in [46]. These results indicate
that it might be observable for some systems, but most
of the observable systems would be stationary. Neverthe-
less, if the dissipative force is strong enough, for example
as in the Ostriker model in Fig. 3, the frequency evo-
lution could be sped up for the effect to be observable
during the observational period of LISA. We leave the
detectability of the braking index for different dissipa-
tive forces for future study.

Just like in equal mass binary systems, modeling the
eccentricity evolution is important for E/IMRIs [60]. The
eccentricity evolution can have large effects on the fre-
quency evolution and the dephasing. When measured,
it can also hint at the environmental effects at play, as
hinted by Eq. (31).

All of these observational tools, the braking index, the
amount of dephasing and dephasing index, and the eccen-
tricity evolution, are complementary. The braking index
is valuable for large separations when the environmental
effects dominate. The dephasing and dephasing index

are important late in the inspiral, when GW emission
loss dominates. The eccentricity evolution complements
both of these tools and can help to pin down the envi-
ronmental effect(s) involved.

During the finalization of this publication, [33] have
published their results. They compared the inspiral
waveforms of DM spikes, accretion disks and scalar
clouds and performed a Bayesian analysis to see if these
environments can be distinguished. They find that these
environments can in fact be easily distinguished by their
features. Our analytic approximations might shed a light
on these numerical results.

It could be useful to map out different environmental
effects, their braking and dephasing index and eccentrifi-
cation/circularization effects. These tools would allow an
abstraction of the environmental effects and focus on the
specific impact on the frequency evolution. This could
generalize waveform generation and put a handle on the
large parameter spaces that are incurred when looking at
several environmental effects. What remains to be seen
is how these tools generalize when relativistic effects and
post-Newtonian corrections are included.

V. CONCLUSIONS

In this paper, we studied the effect of CO – accretion
disk interactions on IMRIs. We compared two models
– Type–I migration and Ostriker dynamical friction in-
teraction with the accretion disk [43]– and explored the
effects they have on the evolution of the semimajor axis
and eccentricity in an inspiral. Then, we added a dark
matter spike and compared the effect with the two bary-
onic accretion models.

• The relative impact of Type–I migration and Os-
triker dynamical friction differs by several orders of
magnitude. In a Type–I migration scenario, we ex-
pect no eccentricities and negligible dephasing ef-
fects. In a dynamical friction scenario we expect
large eccentricities, large dephasing and a domina-
tion of the frequency evolution for typical IMRI
systems.

• In comparison to the DM, the interactions have dif-
ferent regimes of dominance, DM is more dominant
for small separations and accretion disk effects at
larger separations.

• We are able to differentiate between the models
individually and in combination, due to different
amount of dephasing, a difference in braking and
dephasing index, and a different impact on the ec-
centricity evolution.

Which of the two baryonic accretion disk interactions
models is more accurate remains to be studied. We
also leave the inclusion of halo feedback effects to fur-
ther study.
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We would like to emphasize the usefulness of the study
of the braking and dephasing index and eccentrification
effects in distinguishing environmental effects and leave a
systematic study of environmental effects and their prop-
erties for future studies.
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Appendix A: Derivation of braking and dephasing
index

Assuming we have a dissipative force of the form
F (r, v) = F0r

γvδ, then plugging it into Eq. (13), (27)
gives

ȧ =

〈
dEF
dt

〉
/
∂Eorb

∂a
(A1)

=− 2F0

µ
ak1(1− e2)k1+1/2m(δ−2)/2

×
∫ 2π

0

(1 + e cosφ)−(2+γ)(1 + 2e cosφ+ e2)(δ+1)/2︸ ︷︷ ︸
≈1+k2e2

(A2)

with k1 = 2+γ− δ+1
2 and k2 = (3+γ2 +γ(3−2δ)−2δ+

δ2)/4. The approximation of the integral is valid to third
order in e. This equation here rectifies a wrong positive
sign in comparison to [22].

Taking the time derivative gives

ä =ȧ

(
k1
ȧ

a
− 2eė

k1 − 1/2

1− e2 + 2eė
k2

1 + k2e2

)
=
ȧ2

a

(
k1 + 2ae

de

da

(
1/2− k1
1− e2 +

k2
1 + k2e2

))
(A3)

which immediately results in Eq. (31).
If we now assume that (circular) GW emission is the

dominant force with Ḟvacuum ∝ F11/3
vacuum [48], and our dis-

sipative force is a small addition to that with ḞF , we can
model this as the frequency evolution being the sum of
both contributions Ḟtot = Ḟvacuum(1 + ε). A calculation
of ε gives

ε =
ḞF

Ḟvacuum
∝ 1

Ḟvacuum

(
a−1/2

〈
dEF
dt

〉)
∝ 1

F11/3
vacuum

(
a−1/2+k1−2

)
∝F−11/3−2/3(−5/2−2k1/3)vacuum = F−2−2k1/3vacuum (A4)

where we have assumed that e = 0 and, in the last step,
approximate Ftot ≈ Fvacuum such that Fvacuum ∝ a−3/2.

[1] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev.
Lett. 116, 061102 (2016), arXiv:1602.03837 [gr-qc].

[2] R. Abbott et al. (LIGO Scientific, VIRGO, KAGRA),
(2021), arXiv:2111.03606 [gr-qc].

[3] R. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev. D
103, 122002 (2021), arXiv:2010.14529 [gr-qc].

[4] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev.
Lett. 121, 161101 (2018), arXiv:1805.11581 [gr-qc].

[5] P. Amaro-Seoane et al. (LISA), (2017), arXiv:1702.00786
[astro-ph.IM].

[6] W.-R. Hu and Y.-L. Wu, National Science Review 4, 685
(2017).

[7] J. Luo et al. (TianQin), Class. Quant. Grav. 33, 035010
(2016), arXiv:1512.02076 [astro-ph.IM].

[8] L. Zwick, P. R. Capelo, and L. Mayer, (2022),
arXiv:2209.04060 [gr-qc].

[9] M. Mezcua, Int. J. Mod. Phys. D 26, 1730021 (2017),
arXiv:1705.09667 [astro-ph.GA].

[10] G. Bertone, D. Hooper, and J. Silk, Phys. Rept. 405,
279 (2005), arXiv:hep-ph/0404175.

[11] E. Aprile et al. (XENON), Phys. Rev. Lett. 121, 111302
(2018), arXiv:1805.12562 [astro-ph.CO].

[12] G. Bertone and T. Tait, M. P., Nature 562, 51 (2018),
arXiv:1810.01668 [astro-ph.CO].

[13] P. Gondolo and J. Silk, Phys. Rev. Lett. 83, 1719 (1999),
arXiv:astro-ph/9906391.

[14] L. Sadeghian, F. Ferrer, and C. M. Will, Phys. Rev. D
88, 063522 (2013), arXiv:1305.2619 [astro-ph.GA].

[15] K. Eda, Y. Itoh, S. Kuroyanagi, and J. Silk, Phys. Rev.
Lett. 110, 221101 (2013), arXiv:1301.5971 [gr-qc].

[16] K. Eda, Y. Itoh, S. Kuroyanagi, and J. Silk, Phys. Rev.
D 91, 044045 (2015), arXiv:1408.3534 [gr-qc].

[17] S. Chandrasekhar, Astrophys. J. 97, 255 (1943).
[18] C. F. B. Macedo, P. Pani, V. Cardoso, and L. C. B.

Crispino, Astrophys. J. 774, 48 (2013), arXiv:1302.2646
[gr-qc].

[19] X.-J. Yue and W.-B. Han, Phys. Rev. D 97, 064003
(2018), arXiv:1711.09706 [gr-qc].

[20] X.-J. Yue and Z. Cao, Phys. Rev. D 100, 043013 (2019),
arXiv:1908.10241 [astro-ph.HE].

[21] V. Cardoso, C. F. B. Macedo, and R. Vicente, Phys.
Rev. D 103, 023015 (2021), arXiv:2010.15151 [gr-qc].

[22] N. Becker, L. Sagunski, L. Prinz, and S. Rastgoo, Phys.
Rev. D 105, 063029 (2022), arXiv:2112.09586 [gr-qc].

[23] N. Dai, Y. Gong, T. Jiang, and D. Liang, (2021),
arXiv:2111.13514 [gr-qc].

[24] K. Destounis, A. Kulathingal, K. D. Kokkotas, and G. O.
Papadopoulos, (2022), arXiv:2210.09357 [gr-qc].

[25] B. J. Kavanagh, D. A. Nichols, G. Bertone, and D. Gag-
gero, Phys. Rev. D 102, 083006 (2020), arXiv:2002.12811
[gr-qc].

[26] A. Coogan, G. Bertone, D. Gaggero, B. J. Kavanagh,

https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.116.061102
http://arxiv.org/abs/1602.03837
http://arxiv.org/abs/2111.03606
https://doi.org/10.1103/PhysRevD.103.122002
https://doi.org/10.1103/PhysRevD.103.122002
http://arxiv.org/abs/2010.14529
https://doi.org/10.1103/PhysRevLett.121.161101
https://doi.org/10.1103/PhysRevLett.121.161101
http://arxiv.org/abs/1805.11581
http://arxiv.org/abs/1702.00786
http://arxiv.org/abs/1702.00786
https://doi.org/10.1093/nsr/nwx116
https://doi.org/10.1093/nsr/nwx116
https://doi.org/ 10.1088/0264-9381/33/3/035010
https://doi.org/ 10.1088/0264-9381/33/3/035010
http://arxiv.org/abs/1512.02076
http://arxiv.org/abs/2209.04060
https://doi.org/10.1142/S021827181730021X
http://arxiv.org/abs/1705.09667
https://doi.org/10.1016/j.physrep.2004.08.031
https://doi.org/10.1016/j.physrep.2004.08.031
http://arxiv.org/abs/hep-ph/0404175
https://doi.org/10.1103/PhysRevLett.121.111302
https://doi.org/10.1103/PhysRevLett.121.111302
http://arxiv.org/abs/1805.12562
https://doi.org/10.1038/s41586-018-0542-z
http://arxiv.org/abs/1810.01668
https://doi.org/10.1103/PhysRevLett.83.1719
http://arxiv.org/abs/astro-ph/9906391
https://doi.org/10.1103/PhysRevD.88.063522
https://doi.org/10.1103/PhysRevD.88.063522
http://arxiv.org/abs/1305.2619
https://doi.org/ 10.1103/PhysRevLett.110.221101
https://doi.org/ 10.1103/PhysRevLett.110.221101
http://arxiv.org/abs/1301.5971
https://doi.org/ 10.1103/PhysRevD.91.044045
https://doi.org/ 10.1103/PhysRevD.91.044045
http://arxiv.org/abs/1408.3534
https://doi.org/10.1086/144517
https://doi.org/10.1088/0004-637X/774/1/48
http://arxiv.org/abs/1302.2646
http://arxiv.org/abs/1302.2646
https://doi.org/10.1103/PhysRevD.97.064003
https://doi.org/10.1103/PhysRevD.97.064003
http://arxiv.org/abs/1711.09706
https://doi.org/10.1103/PhysRevD.100.043013
http://arxiv.org/abs/1908.10241
https://doi.org/10.1103/PhysRevD.103.023015
https://doi.org/10.1103/PhysRevD.103.023015
http://arxiv.org/abs/2010.15151
https://doi.org/ 10.1103/PhysRevD.105.063029
https://doi.org/ 10.1103/PhysRevD.105.063029
http://arxiv.org/abs/2112.09586
http://arxiv.org/abs/2111.13514
http://arxiv.org/abs/2210.09357
https://doi.org/10.1103/PhysRevD.102.083006
http://arxiv.org/abs/2002.12811
http://arxiv.org/abs/2002.12811


16

and D. A. Nichols, (2021), arXiv:2108.04154 [gr-qc].
[27] N. Speeney, A. Antonelli, V. Baibhav, and E. Berti,

Phys. Rev. D 106, 044027 (2022), arXiv:2204.12508 [gr-
qc].

[28] P. S. Cole, A. Coogan, B. J. Kavanagh, and G. Bertone,
(2022), arXiv:2207.07576 [astro-ph.CO].

[29] E. Barausse, V. Cardoso, and P. Pani, Phys. Rev. D 89,
104059 (2014), arXiv:1404.7149 [gr-qc].

[30] K. Akiyama et al. (Event Horizon Telescope), Astrophys.
J. Lett. 875, L1 (2019), arXiv:1906.11238 [astro-ph.GA].

[31] A. Derdzinski, D. D’Orazio, P. Duffell, Z. Haiman, and
A. MacFadyen, Mon. Not. Roy. Astron. Soc. 501, 3540
(2021), arXiv:2005.11333 [astro-ph.HE].

[32] L. Speri, A. Antonelli, L. Sberna, S. Babak, E. Barausse,
J. R. Gair, and M. L. Katz, (2022), arXiv:2207.10086
[gr-qc].

[33] P. S. Cole, G. Bertone, A. Coogan, D. Gaggero, T. Kary-
das, B. J. Kavanagh, T. F. M. Spieksma, and G. M.
Tomaselli, (2022), arXiv:2211.01362 [gr-qc].

[34] P. Ullio, H. Zhao, and M. Kamionkowski, Phys. Rev. D
64, 043504 (2001), arXiv:astro-ph/0101481.

[35] J. Binney and S. Tremaine, Galactic dynamics (1987).
[36] N. I. Shakura and R. A. Sunyaev, Astron. Astrophys. 24,

337 (1973).
[37] M. A. Abramowicz and P. C. Fragile, Living Rev. Rel.

16, 1 (2013), arXiv:1104.5499 [astro-ph.HE].
[38] A. R. King, J. E. Pringle, and M. Livio, Mon. Not. Roy.

Astron. Soc. 376, 1740 (2007), arXiv:astro-ph/0701803.
[39] P. J. Sakimoto and F. V. Coroniti, ApJ 247, 19 (1981).
[40] B. Kocsis, N. Yunes, and A. Loeb, Phys. Rev. D 84,

024032 (2011), arXiv:1104.2322 [astro-ph.GA].
[41] M. Maggiore, Gravitational Waves. Vol. 1: Theory and

Experiments, Oxford Master Series in Physics (Oxford
University Press, 2007).

[42] H. Tanaka, T. Takeuchi, and W. R. Ward, ApJ 565,
1257 (2002).

[43] E. C. Ostriker, Astrophys. J. 513, 252 (1999),
arXiv:astro-ph/9810324.

[44] Ã. SzÃ¶lgyÃ©n, M. MacLeod, and A. Loeb,
Monthly Notices of the Royal Astronomical Society 513,

5465 (2022), https://academic.oup.com/mnras/article-
pdf/513/4/5465/43846431/stac1294.pdf.

[45] T. Robson, N. J. Cornish, and C. Liu, Class.
Quant. Grav. 36, 105011 (2019), arXiv:1803.01944 [astro-
ph.HE].

[46] M. Renzo, T. Callister, K. Chatziioannou, L. A. C. van
Son, C. M. F. Mingarelli, M. Cantiello, K. E. S. Ford,
B. McKernan, and G. Ashton, Astrophys. J. 919, 128
(2021), arXiv:2102.00078 [astro-ph.SR].

[47] N. Lu, K. Wette, S. M. Scott, and A. Melatos, (2022),
arXiv:2209.10981 [gr-qc].

[48] C. Cutler and E. E. Flanagan, Phys. Rev. D 49, 2658
(1994), arXiv:gr-qc/9402014.

[49] H. Tanaka and W. R. Ward, The Astrophysical Journal
602, 388 (2004).

[50] A. Derdzinski and L. Mayer, (2022), arXiv:2205.10382
[astro-ph.GA].

[51] P. Goldreich and S. Tremaine, ApJ 241, 425 (1980).
[52] A. M. Derdzinski, D. D’Orazio, P. Duffell, Z. Haiman,

and A. MacFadyen, Mon. Not. Roy. Astron. Soc. 486,
2754 (2019), [Erratum: Mon.Not.Roy.Astron.Soc. 489,
4860–4861 (2019)], arXiv:1810.03623 [astro-ph.HE].

[53] N. Yunes, B. Kocsis, A. Loeb, and Z. Haiman, Phys.
Rev. Lett. 107, 171103 (2011), arXiv:1103.4609 [astro-
ph.CO].

[54] J. Canto, F. J. Sanchez-Salcedo, A. Esquivel, and A. C.
Raga, Astrophys. J. 762, 21 (2013), arXiv:1211.3988
[astro-ph.GA].

[55] F. J. Sanchez-Salcedo, (2019), 10.3847/1538-
4357/ab46ae, 1910.03024 [astro-ph.EP].

[56] F. J. Sanchez-Salcedo, (2020), 10.3847/1538-
4357/ab9b2d, arXiv:2006.10206 [astro-ph.GA].

[57] E. Grishin and H. B. Perets, ApJ 811, 54 (2015),
arXiv:1503.02668 [astro-ph.EP].

[58] H. Kim and W.-T. Kim, Astrophys. J. 665, 432 (2007),
arXiv:0705.0084 [astro-ph].

[59] W. R. Ward, Icarus 67, 164 (1986).
[60] S. A. Bhat, P. Saini, M. Favata, and K. G. Arun, (2022),

arXiv:2207.13761 [gr-qc].

http://arxiv.org/abs/2108.04154
https://doi.org/10.1103/PhysRevD.106.044027
http://arxiv.org/abs/2204.12508
http://arxiv.org/abs/2204.12508
http://arxiv.org/abs/2207.07576
https://doi.org/10.1103/PhysRevD.89.104059
https://doi.org/10.1103/PhysRevD.89.104059
http://arxiv.org/abs/1404.7149
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
http://arxiv.org/abs/1906.11238
https://doi.org/ 10.1093/mnras/staa3976
https://doi.org/ 10.1093/mnras/staa3976
http://arxiv.org/abs/2005.11333
http://arxiv.org/abs/2207.10086
http://arxiv.org/abs/2207.10086
http://arxiv.org/abs/2211.01362
https://doi.org/10.1103/PhysRevD.64.043504
https://doi.org/10.1103/PhysRevD.64.043504
http://arxiv.org/abs/astro-ph/0101481
https://doi.org/10.12942/lrr-2013-1
https://doi.org/10.12942/lrr-2013-1
http://arxiv.org/abs/1104.5499
https://doi.org/10.1111/j.1365-2966.2007.11556.x
https://doi.org/10.1111/j.1365-2966.2007.11556.x
http://arxiv.org/abs/astro-ph/0701803
https://doi.org/10.1086/159005
https://doi.org/10.1103/PhysRevD.86.049907
https://doi.org/10.1103/PhysRevD.86.049907
http://arxiv.org/abs/1104.2322
https://doi.org/10.1086/324713
https://doi.org/10.1086/324713
https://doi.org/10.1086/306858
http://arxiv.org/abs/astro-ph/9810324
https://doi.org/10.1093/mnras/stac1294
https://doi.org/10.1093/mnras/stac1294
http://arxiv.org/abs/https://academic.oup.com/mnras/article-pdf/513/4/5465/43846431/stac1294.pdf
http://arxiv.org/abs/https://academic.oup.com/mnras/article-pdf/513/4/5465/43846431/stac1294.pdf
https://doi.org/10.1088/1361-6382/ab1101
https://doi.org/10.1088/1361-6382/ab1101
http://arxiv.org/abs/1803.01944
http://arxiv.org/abs/1803.01944
https://doi.org/ 10.3847/1538-4357/ac1110
https://doi.org/ 10.3847/1538-4357/ac1110
http://arxiv.org/abs/2102.00078
http://arxiv.org/abs/2209.10981
https://doi.org/10.1103/PhysRevD.49.2658
https://doi.org/10.1103/PhysRevD.49.2658
http://arxiv.org/abs/gr-qc/9402014
https://doi.org/10.1086/380992
https://doi.org/10.1086/380992
http://arxiv.org/abs/2205.10382
http://arxiv.org/abs/2205.10382
https://doi.org/10.1086/158356
https://doi.org/ 10.1093/mnras/stz1026
https://doi.org/ 10.1093/mnras/stz1026
http://arxiv.org/abs/1810.03623
https://doi.org/ 10.1103/PhysRevLett.107.171103
https://doi.org/ 10.1103/PhysRevLett.107.171103
http://arxiv.org/abs/1103.4609
http://arxiv.org/abs/1103.4609
https://doi.org/10.1088/0004-637X/762/1/21
http://arxiv.org/abs/1211.3988
http://arxiv.org/abs/1211.3988
https://doi.org/10.3847/1538-4357/ab46ae
https://doi.org/10.3847/1538-4357/ab46ae
http://arxiv.org/abs/1910.03024
https://doi.org/10.3847/1538-4357/ab9b2d
https://doi.org/10.3847/1538-4357/ab9b2d
http://arxiv.org/abs/2006.10206
https://doi.org/10.1088/0004-637X/811/1/54
http://arxiv.org/abs/1503.02668
https://doi.org/10.1086/519302
http://arxiv.org/abs/0705.0084
https://doi.org/10.1016/0019-1035(86)90182-X
http://arxiv.org/abs/2207.13761

	Comparing Accretion Disks and Dark Matter Spikes in Intermediate Mass Ratio Inspirals
	Abstract
	I Introduction 
	II IMRI Modeling 
	A Dark Matter Spike
	B Accretion Disk
	C Orbital Evolution 
	1 Keplerian Orbit
	2 Dissipative Forces
	3 Orbital Evolution 

	D Gravitational Wave Signal
	1 Braking Index
	2 Dephasing


	III Results 
	A Accretion Disk Only
	1 Circular Inspiral
	2 Eccentric Inspiral

	B Accretion Disk + DM spike
	1 Circular inspiral
	2 Eccentric inspirals
	3 Varying Central Mass


	IV Discussion 
	A Type–I migration vs Dynamical Friction in the Accretion Disk 
	B Comparison between different environmental effects
	C Observational Signatures

	V Conclusions 
	 Acknowledgments
	A Derivation of braking and dephasing index 
	 References


